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How to Read This Book

Interpretability research moves quickly, but the questions underneath it are stable. This part of
the book covers four of them, one per chapter:

1. Chapter 5 - Representation Geometry. What kind of mathematical object is a
network’s internal state? (Answer: points on low-dimensional manifolds, with concepts
often laid out as directions, and more concepts packed in than there are dimensions.)

2. Chapter 6 - Features, Circuits, and Causal Verification. Can we name the parts
and trace the wiring? (Answer: increasingly yes, via sparse autoencoders and circuit
analysis - with important caveats about proof.)

3. Chapter 7 - Control and Steering. If concepts are directions, can we drive? (Answer:
yes, surprisingly well for some behaviors, and the engineering trade-offs against prompting
and fine-tuning are becoming quantifiable.)

4. Chapter 8 - Evaluation and Frontiers. How do we know an interpretation is true, and
what should we work on next? (Answer: causal tests are the standard, faithfulness is the
central unsolved problem, and the field’s center of gravity is shifting to applied questions.)

These four chapters answer, in order, the four questions Part I posed at its close (its Sec-
tion 3.5): what do the activation vectors represent, and how is it arranged? Which assemblies
of components implement which behaviors? How can behavior be changed by editing the inside
rather than retraining the whole? And when an explanation is offered, how do we know it is
true of the machine rather than merely plausible to us? Part I’s foundations - the statistical
and geometric lenses (its Chapters 1–2), the machines (Chapter 3), and their training dynamics
(Chapter 4) - are assumed throughout; where this part leans on them, it points back explicitly.

Some conventions used throughout:

• We always separate correlational evidence (a probe can decode a quantity from the ac-
tivations) from causal evidence (intervening on the activations changes behavior). This
distinction does most of the epistemic work in this field.

• Short Neuroscience parallel paragraphs appear inline where a method or question was
inherited from systems neuroscience. Mechanistic interpretability borrowed several of
its core methods - receptive-field mapping, lesioning, representational similarity analysis,
population-level analysis - and knowing the lineage tells you which failure modes to expect.

• Citations appear inline as (Author, Year); full references, with the filenames of the archived
PDFs, are collected in the References chapter at the end of the book.

• Chapters close with Takeaways (the chapter in a few sentences), Research Directions
(open problems, scoped so a reader could start on them), and Programs (hands-on
projects that let you reproduce the chapter’s main claims yourself). They are placed
at the end of each chapter so they do not interrupt the main text; readers looking for
project ideas can go straight to those sections.
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• Appendix A provides a year-by-year timeline of interpretability and model-biology research
from 2019 to 2026, so the results discussed in the chapters can be placed in historical order.

All programs run on a laptop with Python 3, numpy, matplotlib, torch, and transformers,
using GPT-2-small-class models.
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5. Representation Geometry

When a transformer processes the sentence “The Eiffel Tower is in”, every token becomes a
vector (768 numbers in GPT-2 small, over ten thousand in frontier-scale models) and every layer
rewrites those vectors. Interpretability begins with a simple question: what kind of object is that
vector? This chapter answers it in three moves: fix the vocabulary (spaces, maps, activations,
representations), measure the shape of the activation cloud (manifolds, superposition, the struc-
ture found at scale), and then act on it - first by reading it through probes and lenses, then
by applying pressure to it. Words the field uses loosely - latent space, representation, feature,
direction, manifold - each get one meaning here and keep it for the rest of the book.

Structure of this chapter. Section 5.1 lays the foundation: the vector spaces the architec-
ture fixes, the learned maps between them (four architectural facts with long shadows - the
compressing embedding, the additive residual stream, the per-head rank bottleneck, depth as it-
erated refinement), and the activation vectors those maps actually produce on data. Section 5.2
defines representation and distinguishes it from the vector that carries it and from the space
that contains it. Sections 5.3–5.5 study the geometry of the activation cloud itself: it concen-
trates on low-dimensional manifolds (5.3); it packs more features than dimensions into
overlapping directions - superposition (5.4); and, measured at scale, it has reproducible shape -
feature crystals and lobes, a pronounced anisotropy, partial universality across models - with the
shape reorganizing as the input changes across languages, code, and formats (5.5). Section 5.6
turns to instruments: probes, the logit and tuned lenses, and affine stitching between layers
and models - all of them projections from the latent space to something a human can check,
and the home of the linear representation hypothesis. Section 5.7 turns from reading to
pressure: the moves that work on a frozen latent space, and the training-time levers that shape
what forms in it. Section 5.8 closes by distinguishing representations from conceptors, the
region-summarizing operators that Chapter 7 uses for control. Open problems and hands-on
programs are collected at the end.

5.1 The Spaces, the Maps, and the Points

5.1.1 The spaces: vectors, subspaces, directions
The raw objects come first, stripped of every learned association. A vector is a list of d numbers;
the vector space Rd is the set of all such lists, closed under addition and scaling. Nothing about
R768 is specific to GPT-2 small: it is an empty container whose width is fixed by the architecture,
the same featureless space before and after training. Meaning will enter only through the maps
(next subsection) and the data (the one after).

Three pieces of structure on this container do all the work in the chapter. A subspace is a
flat slice through the origin - a line, a plane - closed under addition and scaling. A direction
is a one-dimensional subspace with a chosen orientation. An inner product turns “how much
of direction v̂ is present in x” into a single number ⟨x, v̂⟩ - the geometric primitive behind every
probe, every steering vector, and every logit in this book.
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Finally, a basis is a choice of coordinates. The neuron basis - one axis per unit - is one
basis of the activation space, distinguished from all others only by the fact that the elementwise
nonlinearity is applied along it. Nothing in the mathematics forces learned structure to align
with it - a one-sentence piece of linear algebra that will defuse most of the surprise in Section 5.4’s
finding that single neurons respond to unrelated mixtures of things.

5.1.2 The maps: compression, a shared stream, low-rank heads, iterated re-
finement

A trained network is a composition of maps between these spaces, each map chosen by gradient
descent from a parameterized family. Four architectural facts about those maps generate nearly
everything this chapter later measures.

The embedding is already a compression. The embedding matrix WE maps a discrete
vocabulary of ∼50,257 symbols into R768. Fifty thousand symbols sharing 768 dimensions is a
massive commitment before the first attention layer runs: token geometry is compressed from
the very first step, and the unembedding WU must read the final state back out through the
same mismatch.

The residual stream is a shared additive channel. Every attention head and every
MLP block reads a linear projection of the residual stream, computes, and adds its result back;
nothing is overwritten, contributions only sum (Elhage et al., 2021). Two consequences follow.
First, the final logits decompose exactly into a sum of per-component terms - the embedding
plus each head’s write plus each MLP’s write, each read out through WU . This identity is the
basis of direct logit attribution and of the lenses in Section 5.6. Second, the stream is a limited-
bandwidth channel that all components share: features must compete for room in it. This fact
returns in Section 5.4 as the cause of superposition, which otherwise arrives as a surprise.

Each attention head is a low-rank bottleneck. The stream width is divided among
heads: dhead = dmodel/nheads, which for GPT-2 small is 768/12 = 64. Following Elhage et al.
(2021), a head factors into two circuits: the QK circuit W⊤

QWK , which determines the attention
pattern (who attends to whom), and the OV circuit WOWV , which determines what is written
if a position is attended to. Because WQ, WK , WV each map dmodel → dhead and WO maps
dhead → dmodel, both circuit matrices - though they are full dmodel × dmodel objects - have rank
at most dhead. That is a hard algebraic bound, not an empirical tendency. The interpretive
reading (motivated, not proven): a 64-dimensional channel wedged between a 768-dimensional
stream and a 50k-token vocabulary cannot carry arbitrary token-to-token maps; each head must
select a low-rank slice of features to move. The specialization of heads that Chapter 6 dissects
into circuits is this selection pressure made visible.

Depth is iterated refinement, and the hierarchy is soft. Layers are the same map-
shape composed many times over the shared stream, and labor divides across depth in a recog-
nizable pattern - detokenization in the earliest layers, feature construction in the early-middle,
prediction assembly in the later layers, sharpening at the very end (Lad, Gurnee, and Tegmark,
2024; the evidence appears in Section 5.6). But the hierarchy is soft: deleting or swapping
adjacent layers of a pretrained model retains 72–95% of its accuracy without retraining (Lad
et al., 2024). Middle layers perform incremental, partly interchangeable refinement - a fact to
remember whenever a claim assigns a concept a single precise home layer.

2



5.1.3 The points: activations
An activation is a vector a specific layer actually outputs on a specific input: run a sentence
through the model, read the residual stream after layer ℓ at one token position, and you hold
one point in Rdmodel . A dataset of N sentences yields a cloud of points at every layer - one per
token, or one per sequence if reduced (last-token or mean-pooled; the choice changes the object,
and recording it saves confusion later: per-token clouds mix punctuation, function words, code
fragments, and rare subwords, and are far more heterogeneous than per-sequence clouds).

Two distinctions are now available. A vector is any element of the space; an activation is
a vector the network actually produced. And activations are data, not parameters: the same
trained map yields a different cloud on Wikipedia than on Python than on French. Every
geometric quantity measured in this chapter is therefore a property of the pair (model, input
distribution) - a dependence that Section 5.5’s closing subsections elevate from caveat to subject
matter.

5.2 What Is a Representation?

5.2.1 The definition
With spaces, maps, and activations in hand, the chapter’s central term: a representation is
information encoded in activations that the network’s own downstream computation reads. Two
conditions follow. First, a representation is used: some later component’s output depends on
it. This separates a representation from an incidental correlate that a probe can decode but
the network never consults - the correlational/causal distinction that does most of the epistemic
work in this field, built into the definition. Second, claims about a representation name a readout
- a linear probe, the unembedding, a sparse-autoencoder decoder - at a stated location (which
layer, which sublayer, which token position), so the claims can be checked.

The content can be carried as a direction (sentiment, Section 5.6), a subspace (the syn-
tactic subspace of Section 5.5), a region, or a manifold-valued code (the circular day-of-week
feature of Section 5.5). One activation vector simultaneously carries many representations, su-
perposed (Section 5.4): the activation is the carrier; the representation is the content.

5.2.2 A taxonomy
Several kinds of representations exist. A few mentioned in the literature, along with their
location, an example, and how they are read out, are listed below.

Kind Where it lives Example Readout
Token embedding row of WE (layer 0) the vector for “ Paris” nearest tokens
Positional code added at the input learned/rotary positions direct inspection
Residual state stream after layer ℓ the 768-vector at a position tuned lens (§5.6)
Attention pattern per head, per layer who-attends-to-whom direct inspection
Feature direction subspace of the stream “French-ness” probe / steering (§5.6)
SAE latent overcomplete dictionary “Golden Gate Bridge” SAE decoder (Ch. 6)
Circuit across heads and layers IOI name-movers patching (Ch. 6)

The rows of the table vary along two axes that decide which tool applies. Local vs. dis-
tributed: is the content carried by one unit or by a direction spread across units? Superposition
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(Section 5.4) is the reason the useful unit of analysis is almost always distributed. Linear vs.
nonlinear: is the readout an inner product, or does the content live on a curved locus? The
productive default is to assume linear first - linear tools are cheap and usually work - and to
treat every failure of a linear tool as a finding about geometry, not a null result (Section 5.6
returns to this).

Features. A feature is a property of the input that the model tracks: present in some inputs,
absent in others, with a degree when present. “Contains French,” “is a URL,” “refers to the
Golden Gate Bridge.” The feature is the input-side object; its representation is how the model
encodes it, typically as a direction (Section 5.6). In the toy models of Section 5.4, features are
literally input coordinates; in dictionary methods, a feature is whatever a sparse decomposition
recovers as one latent (Section 5.5, Chapter 6). For real models there is no direct definition, and
the field works with the indirect one - a property a large enough model would dedicate a neuron
to - knowing it is circular.

Latent space. The vector space R768 is the container of Section 5.1, identical before and
after training. The latent space is the same container as organized by the trained model: some
directions move logits, some regions correspond to languages, some subspaces carry syntax. “A
direction in latent space” therefore means a direction in R768 together with the claim that the
model treats it as meaningful - a claim to be tested, not assumed.

Neuroscience parallel. The question “what is a representation?” is neuroscience’s neural
coding question, inherited nearly verbatim. Rate codes (one neuron’s firing rate carries the
variable), place codes (which neuron fires carries it), and population codes (a pattern across
neurons carries it) map directly onto the local-vs-distributed axis above; and neuroscience, too,
learned to require clause (ii) - a decodable signal is not a code until the animal’s behavior can be
shown to depend on it (the “reading the code” criterion). The parallel is developed throughout
the chapter as the tools recur.

5.3 Manifolds and Intrinsic Dimension

5.3.1 Subspace versus manifold; ambient versus intrinsic
A subspace is flat, global, and closed under linear combination. A manifold is a possibly
curved surface that only locally looks like Rk - a sphere, a spiral, a crumpled sheet. A layer with
d = 768 units can in principle output any vector in R768, but the activations it produces on real
text do not fill that space: they cluster near a curved surface describable locally with far fewer
coordinates. (This is a claim about the activation vectors themselves, not about the model’s
output distribution over the vocabulary, which lives on a separate simplex.) The intrinsic
dimension is the number of degrees of freedom needed to describe that surface locally: the
dimension of the surface, not of the room it sits in.

A practical estimator, Two Nearest Neighbors (TwoNN; Facco et al., 2017), uses only each
point’s two nearest neighbors to estimate the intrinsic dimension. For point i, let r1(i) and r2(i)
be the distances to its first and second nearest neighbors, and µi = r2(i)/r1(i). This number
shrinks as the number of dimensions grows. On a uniform d-dimensional manifold, µ follows a
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power-law distribution whose shape depends on the dimension alone. Averaging over points,

d̂ =
N∑N

i=1 log µi

recovers the dimension from ratios. It does so without assuming the manifold is flat, which is
why it is preferred over PCA eigenvalue counting, which asks how many flat directions carry
variance and systematically overestimates the dimension of a curved cloud. Activation clouds
are curved, as the circular features of Section 5.5 show.

5.3.2 The hunchback profile: intrinsic dimension across layers
Ansuini, Laio, Macke, and Zoccolan (2019) measured intrinsic dimension layer-by-layer across
trained image networks (AlexNet through ResNet-152) and found a consistent shape they called
the hunchback: intrinsic dimension rises through the early layers, peaks somewhere in the first
half of the network, then falls steadily toward the output. The ambient dimensions of the layers
studied were in the range 104–105, while the measured intrinsic dimensions were roughly 10 to
100 - two to three orders of magnitude smaller. Furthermore, the intrinsic dimension of the last
hidden layer predicted generalization: architectures with lower final-layer intrinsic dimension
achieved lower test error. Networks trained on randomized labels, which can only memorize,
not generalize, showed the opposite signature, with final-layer intrinsic dimension rising rather
than compressing (Ansuini et al., 2019).

The interpretation: early layers unfold input structure (increasing intrinsic dimension as they
disentangle raw correlations), and later layers discard decision-irrelevant variation (compressing
toward task-relevant subspaces). Representation learning is expansion followed by compression,
and you can watch it happen with a nearest-neighbor estimator.

5.3.3 Cautions: sample size, outlier dimensions, and the union-of-manifolds
trap

Three practical cautions when measuring intrinsic dimension yourself. First, estimators need
enough samples: as a rule of thumb from the TwoNN literature, N points cannot resolve di-
mensions much above 2 log10N . Second, tokenization artifacts and outlier activations (which
transformers famously have; see the rogue dimensions of Section 5.5) can dominate nearest-
neighbor statistics; a quick look at the raw neighbor distances before trusting the estimate
catches most of these cases.

The third caution is the one most often ignored. TwoNN assumes the points come from a
single manifold of locally uniform density, but the activation cloud is almost certainly a union
of manifolds of different dimension - token types, syntactic roles, languages, code versus prose
(Section 5.5) each plausibly contribute their own component. On such a mixture the pooled
estimator returns a blended exponent that need not equal the dimension of any component,
biased near the seams where a point’s neighbors come from the wrong piece. The remedies:
estimate per subset that is plausibly one manifold (one token type, one language, one register);
check that the number is stable when the sample is halved and the neighborhood scale varied;
or use an estimator built for mixtures - Hidalgo (Allegra, Facco, et al., 2020) assigns each point
its own local dimension and component. Where subsets disagree with the pooled estimate, the
disagreement is the finding.
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Neuroscience parallel. The meaningful unit of analysis is the neuron population manifold,
not the single neuron. Neuroscience established this through population recordings of motor cor-
tex during reaching movements (Churchland et al., 2012): although individual neurons respond
idiosyncratically, the population of hundreds of recorded neurons traces trajectories confined to
fewer than ∼20 effective dimensions, and those trajectories, not single-cell tuning curves, predict
behavior. In artificial networks the corresponding unit is the residual stream at a given layer:
the full dmodel-dimensional activation vector that attention heads and MLP blocks read from
and write to. Per-neuron stories can be true but uninformative; the manifold traced by the
whole vector is the object that carries the computation. Barrett, Morcos, and Macke (2019)
survey this methodological bridge in both directions.

5.4 Superposition: More Features Than Dimensions

5.4.1 The counting problem
Section 5.1 established that the residual stream is a shared, limited-bandwidth channel that
every component reads and writes. Let’s estimate a count of what must fit through it. A
language model tracks hundreds of thousands of distinguishable features of its input - entities,
syntactic roles, sentiment, languages, code contexts, factual relations. Sparse dictionaries recover
hundreds of thousands to tens of millions of features from real models (Section 5.5). GPT-2
small has only 768 residual dimensions. If each feature required its own orthogonal direction,
the model could represent at most 768. It represents far more. Something has to give, and what
gives is orthogonality. (Part I previewed this phenomenon from the training side, in its §4.4, as
the optimizer’s compression at work.)

The Johnson–Lindenstrauss phenomenon supplies a loophole: while Rd contains only d
exactly-orthogonal directions, it contains exp(Θ(ϵ2d)) directions that are pairwise almost or-
thogonal (cosine similarity ≤ ϵ). A 768-dimensional space has room for vastly more than 768
nearly-orthogonal feature directions - if the model can tolerate small interference between them.

5.4.2 Three numbers, not two
Sections 5.3 and 5.4 can appear to contradict each other. One says the activation cloud is a low-
dimensional manifold, tens of dimensions inside hundreds; the other says the model is starved
for dimensions and must pack. If the activation cloud uses thirty dimensions out of 768, where
is the shortage?

The resolution is that three different numbers are in play Let s be the number of features
active at once on a typical input. Let d be the width. Let n be the number of features the model
stores across its whole input distribution.

Superposition is a statement about n versus d: the dictionary is far larger than the dimension
count, so stored directions must overlap.

Intrinsic dimension is, to first approximation, a measurement of s: at any one input, the
activation varies only along the directions of the features currently active, so the local dimension
of the cloud is the size of the active set, however enormous the dictionary.

A cloud built from sparse combinations is a union of low-dimensional pieces, one per active
set, and a local estimator like TwoNN sees the dimension of the piece it stands on.
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The picture that stays useful is the ordering

s ≪ d ≪ n.

There are roughly tens of active features (s), thousands of dimensions (d), and millions of stored
features (n). The gap between s and d keeps interference tolerable: few active features means few
collisions. The gap between d and n is what superposition bridges: nearly orthogonal directions
are exponentially plentiful, so a large dictionary fits in a small space as long as little of it is
active at once. The numbers already reported follow the ordering - intrinsic dimensions of 10 to
100 (Section 5.3), widths of 768 to ∼16,000, dictionaries of up to 34 million features (Section 5.5,
Chapter 6). They yield a testable prediction: a layer’s intrinsic dimension should agree with
the per-token active count at which a sparse autoencoder reconstructs it well (k ≈ 32–256 in
current practice). Two unrelated methods agreeing in order of magnitude is either a coincidence
or the ordering at work.

5.4.3 The toy model and its phase transition
Let’s define sparsity and importance for a feature. A feature is sparse if it is present in only a
small fraction of inputs. The sparsity S names the probability that the feature is absent. So
density 1−S is the fraction of inputs where it appears. Let each feature also carry an importance:
how much the loss suffers when that feature is reconstructed badly. Both these quantities are
properties of the data, not the model.

Sparsity matters for packing because interference is a coincidence cost. Two features that
share overlapping directions disturb each other only when both are active in the same input,
which happens in roughly (1− S)2 of inputs. As sparsity rises, that collision rate falls quadrat-
ically while the value of representing each feature does not fall at all. So there must be a
crossover: for dense features, interference is constant and only dedicated dimensions are safe;
for sparse features, packing is nearly free.

Before the crossover: features prefer approximately orthogonal, dedicated directions. After
the crossover: features can share directions, because collisions are sufficiently rare.

Here’s an experiment confirming such a crossover. It takes n features with geometrically
decaying importance, compresses them through a d≪ n bottleneck with a linear map, recovers
them with the same map transposed plus a bias and a ReLU, trains to minimize importance-
weighted reconstruction error, and sweeps the sparsity. At S ≈ 0 the model behaves like principal
component analysis: it keeps the d most important features, one per dimension, and drops the
rest. As sparsity rises it switches to packing more features than dimensions into overlapping
directions, and the packed geometries are strikingly regular: antipodal pairs first, then triangles,
pentagons, tetrahedra. Remove the ReLU and the transition never happens: a linear readout
cannot filter out small interference, so the linear model keeps the top d features at every sparsity.
This is the toy-model result of Toy Models of Superposition (Elhage et al., 2022).

Toy is meant in the physicist’s sense - the smallest system that exhibits the phenomenon,
with everything else stripped away: no attention, no depth, no text; features are literally in-
put coordinates, so the mechanism (benefit versus collision cost) is visible without confounds.
Superposition is not a defect. It is the rational allocation of scarce channel bandwidth, and it
emerges from gradient descent in a model small enough to write in five lines.
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5.4.4 Two consequences that shape the field
Polysemantic neurons are expected. Section 5.1 noted that the neuron basis is just one
basis, with no mathematical privilege. If features are directions in superposition, then any
individual neuron (basis direction) will typically have nonzero overlap with many features. A
neuron firing for “academic citations, Korean text, and HTTP requests” is not broken; it is
the shadow of several features, none of which is axis-aligned. Sixty years after neuroscience’s
“grandmother cell” debate, artificial networks reproduced the same answer: mostly, there is no
grandmother neuron.

The unit of analysis must be the feature, not the neuron. If the concepts are packed
into non-axis-aligned, overcomplete directions, then recovering them is a sparse dictionary learn-
ing problem: find the overcomplete basis in which activations become sparse, interpretable com-
binations. That is precisely what sparse autoencoders do. Section 5.5 reports what they find
about the shape of the space; Chapter 6 develops the method itself.

Neuroscience parallel. Superposition has a biological counterpart: mixed selectivity. Rig-
otti et al. (2013) showed that individual prefrontal cortex neurons respond to nonlinear conjunc-
tions of task variables (stimulus × rule × response) rather than to any single variable, and that
this mixing is what a high-capacity distributed code looks like when viewed one neuron at a
time. Polysemanticity in artificial networks is the same observation: the single unit looks noisy
because the code is carried by directions that cut across units. The toolkit now runs in both di-
rections - sparse-decomposition methods developed for transformer activations are being applied
to real neural recordings to unmix biological population codes into interpretable components.

5.5 The Measured Shape of the Space
The previous two sections established what kind of object the activation cloud is - a low-
dimensional, heterogeneous union of manifolds carrying superposed features. This section re-
ports what the space actually looks like when measured at scale, and the caveats that keep those
measurements honest.

5.5.1 What sparse dictionaries reveal
Sparse autoencoders trained on activations recover overcomplete dictionaries of directions far
more monosemantic than neurons (Bricken et al., 2023; Cunningham et al., 2024) - direct em-
pirical confirmation of Section 5.4’s prediction that the features outnumber the dimensions and
are not axis-aligned. At production scale, dictionaries of up to ∼34 million features have been
extracted from the middle-layer residual stream of a frontier model (Claude 3 Sonnet), includ-
ing the now-famous Golden Gate Bridge feature, features for code bugs, and features that fire
across languages and modalities (Templeton et al., 2024). Three structural findings matter for
geometry:

• Feature splitting. Enlarge the dictionary and one coarse feature splits into several
finer ones - “San Francisco” into neighborhoods, a punctuation feature into cases. The
feature set you recover depends on the resolution you request; Chapter 8 lists the resulting
resolution illusion among the field’s standing epistemic hazards.
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• Structure at three scales. The extracted feature cloud is not amorphous (Li et al.,
2025): at the atomic scale, parallelogram and trapezoid “crystals” generalize the king−man+woman≈queen
relation (visible once distractor dimensions such as word length are removed with linear dis-
criminant analysis); at an intermediate scale, features cluster into spatially modular lobes
- mathematics and code features sit together; at the largest scale the cloud is anisotropic
with an eigenvalue power law steepest in middle layers.

• Features need not be one-dimensional. Some representations are irreducibly multi-
dimensional: days of the week and months of the year occupy circles in activation space,
verified causally by intervention (Engels et al., 2025). A loop is not a line - these are
manifold-valued representations in exactly the sense of Section 5.2’s definition.

Here the field is split, and Chapter 8’s evidence standard applies to us as much as to anyone:
whether SAE features reflect the model or the dictionary is contested. A nontrivial “dark
matter” of SAE reconstruction error resists decomposition (Engels, Riggs, and Tegmark, 2024);
hierarchical concepts get absorbed into child features, so a seemingly monosemantic feature
silently fails to fire (Chanin et al., 2024); and on many known-concept tasks SAE probes do not
consistently beat a logistic-regression baseline (Kantamneni et al., 2025; Karvonen et al., 2025).
The defensible position: SAEs are a powerful discovery tool for structure you did not know to
look for, not yet a verified coordinate system.

5.5.2 Anisotropy: the cloud is a narrow cone
The activation cloud does not surround the origin evenly. Contextual embedding spaces are
anisotropic in every layer of every model measured, increasingly so with depth: the average
cosine similarity between the representations of randomly chosen words in GPT-2’s last layer is
roughly 0.63, where isotropy would predict roughly zero (Ethayarajh, 2019). Part of the cause
is training itself - the likelihood objective pushes embeddings into a narrow cone (the represen-
tation degeneration problem; Gao et al., 2019) - and part is concentrated in a handful of rogue
dimensions: one to three coordinates of such large magnitude that they dominate cosine simi-
larity while carrying little of the behaviorally relevant signal (Timkey and van Schijndel, 2021).
Standardizing those dimensions away markedly improves agreement between representational
similarity and human similarity judgments.

A habit that saves grief: before leaning on a raw cosine similarity, a raw PCA, or a raw
nearest-neighbor query over transformer activations, it helps to check what the top few dimen-
sions are doing. Otherwise the measurement may be reading the cone and the rogue coordinates
rather than the semantics.

5.5.3 What two-dimensional pictures cannot show
Much of what the community “knows” about latent spaces arrives through two-dimensional
pictures, so the failure modes of the picture-making tools are part of the geometry curriculum. t-
SNE (van der Maaten and Hinton, 2008) preserves local neighborhoods at the deliberate expense
of global arrangement: cluster sizes in a t-SNE plot mean nothing (the algorithm equalizes
density), inter-cluster distances are often meaningless, results depend strongly on the perplexity
setting, and pure noise can be made to look clustered (Wattenberg, Viégas, and Johnson, 2016).
UMAP’s reputation for better global structure is largely attributable to its default initialization
rather than its objective - initialize t-SNE the same way and the difference mostly disappears
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(Kobak and Linderman, 2021). PCA is linear, so it cannot unfold a curved manifold at all
(Section 5.3). The stance we take in this book: an embedding scatterplot is a hypothesis-
generating device rather than evidence. Structure it suggests earns belief once it has been
re-established quantitatively, by probe, intervention, or explicit geometry.

5.5.4 How much of the shape is universal?
Is the geometry just described a fact about one trained model, or about models in general?
The evidence points to partial, measurable universality. Independently trained networks of the
same architecture can be connected by a single learned affine map at little accuracy cost (model
stitching; Lenc and Vedaldi, 2015; Bansal, Nakkiran, and Barak, 2021) - operationally, their
representations are the same up to an affine change of coordinates. Encoding each point by
its similarities to a set of anchor points (relative representations) makes independently trained
latent spaces comparable with no training at all (Moschella et al., 2023). Pushed further: text-
embedding spaces from different encoders can be translated into one another without any paired
data, adversarially aligning both to a shared latent geometry (vec2vec; Jha et al., 2025). And the
Platonic Representation Hypothesis (Huh et al., 2024) argues that as models grow more capable,
their representational geometries converge - across architectures and even across modalities -
toward a shared statistical model of the world, with measured alignment rising with scale.

The bounds matter as much as the claims. Only ∼1–5% of neurons in GPT-2 models trained
from different seeds are “universal” in the sense of consistent co-activation (Gurnee et al., 2024):
universality lives at the level of directions and features, not units. A high centered-kernel-
alignment (CKA) score does not imply functional equivalence, and a single outlier point can
move it drastically (Davari et al., 2023). And the Platonic convergence trend weakens under
some metric calibrations while surviving under local-neighborhood measures. Summary: latent
geometry is convergent enough that cross-model translation works far better than chance, and
divergent enough that no “one true representation” claim survives the measurements.

Neuroscience parallel. Representational similarity analysis - comparing systems by the ge-
ometry of their response patterns rather than unit-by-unit - was built in systems neuroscience
(Kriegeskorte, Mur, and Bandettini, 2008) to compare brains, models, and species on common
ground. CKA, SVCCA, and the alignment metrics of this subsection are its machine-learning
descendants, and the toolkit now runs in both directions: the same similarity analyses are
used to ask whether a language model’s geometry matches cortical recordings during language
comprehension.

5.6 Reading the Space: Probes and Lenses
Everything in this section is a projection: a map from the latent space to something a human
can check. A probe projects onto a candidate concept direction; the logit lens projects onto the
vocabulary; a stitching layer projects one frame into another; an SAE decoder projects onto an
overcomplete dictionary. Keeping the word projection in view unifies what otherwise looks like
a bag of tricks - and keeps visible that every readout answers only the question it was built to
ask.
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5.6.1 The linear representation hypothesis
The linear representation hypothesis is the claim that many high-level concepts correspond
to directions in activation space: the model represents “French-ness” or “truthfulness” or “past
tense” as a vector, and the degree to which a concept is active is (approximately) an inner
product. Three families of evidence, in increasing order of strength:

• Probing (correlational). A linear classifier on frozen activations decodes the concept
far above chance - often near-perfectly for syntactic and factual properties by the middle
layers.

• Arithmetic (suggestive). The word-embedding classic (Mikolov et al., 2013): king −
man+woman ≈ queen. Concept offsets compose additively more often than chance would
allow, though the standard evaluation excludes the query words from the answer set, and
without that exclusion the nearest neighbor is usually one of the inputs (Linzen, 2016).

• Steering (causal). Adding a concept direction to the residual stream at inference time
changes model behavior in the predicted way. This is the evidence that matters, and
Chapter 7 is devoted to it.

The correlational/causal distinction matters most right here: a probe can succeed by reading
a direction the model never uses downstream. Probing tells you information is present; only
intervention tells you it is used. In the vocabulary of Section 5.2, probing establishes that the
content is decodable; only intervention establishes that it is used. This distinction guards against
the most common inferential error in the field.

Why should linearity hold at all? Part I’s training-dynamics chapter supplies a candidate
answer: theoretical work shows that the implicit bias of gradient descent, combined with the log-
odds structure of the next-token objective, provably yields linear concept encodings in simplified
settings (Jiang et al., 2024). If that account is right, the hypothesis is a fingerprint of the
optimizer, not an architectural accident - and it could in principle be strengthened or weakened
by training choices (Part I, §4.4).

5.6.2 What “direction” means depends on the inner product
Park, Choe, and Veitch (2023) pointed out a subtlety that resolves a lot of confusion. “Con-
cept = direction” is ambiguous until you fix an inner product, and the natural choices disagree.
There is an unembedding (measurement) view, the direction whose dot product with the final
representation moves the output logits for concept-related tokens, and an embedding (interven-
tion) view, the direction you add to activations to change the concept. In the raw Euclidean
geometry of activation space these two directions are generally not the same vector.

Their resolution: define a causal inner product under which counterfactually independent
concepts become orthogonal. Concretely, they show a transformation (estimable from the unem-
bedding matrix’s covariance) that aligns the measurement and intervention geometries. Under
the right metric, probing directions and steering directions unify - and the fact that a specific
metric is needed is itself evidence that the model’s “natural” geometry is not the Euclidean one
we plot.
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5.6.3 Where linearity fails
The linear representation hypothesis is a strong default, not a law. Documented exceptions:
circular features, where days of the week and months of the year sit on closed loops (verified
causally by intervention experiments; Engels et al., 2025, and Section 5.5), and a loop is not a
line; magnitude coding, where numeric quantity appears to use nonlinear encodings in some
models; and conditional features, directions whose meaning changes with context, which
behave linearly only within a regime. The productive stance: assume linearity first because
linear tools are cheap and often work; treat every failure of a linear tool as a finding about
geometry, not just a null result.

5.6.4 The model’s own projection: logit lens and tuned lens
The unembedding WU is the one projection the model itself uses: it maps the final residual state
to vocabulary logits. The logit lens (nostalgebraist, 2020) simply applies that same projection
to intermediate states: read the residual stream after layer ℓ, apply the final layer norm and
WU , and obtain a per-layer trajectory of “what the model would predict if it stopped here.” On
GPT-2-class models the trajectory is revealing: the eventual top prediction often appears and
stabilizes several layers before the output. But the tool has known failure modes - early layers
decode to noise, the readout is systematically biased (intermediate states are not in the basis
WU expects), and the trick transfers poorly to some model families.

The tuned lens (Belrose et al., 2023) repairs this by learning, for each layer, a small affine
translator that maps layer-ℓ states into the frame the unembedding expects before projecting.
The result is a far more reliable readout, and an unbiased one in the estimator’s sense: each
layer’s translator is trained to match the model’s final distribution, so its errors are not system-
atically tilted the way the raw unembedding’s early-layer readouts are. It works on models up
to ∼20B parameters, and its attributions demonstrably track the features the model itself uses
rather than artifacts of the probe.

The two lenses together correct a common oversimplification. Under the logit lens, predic-
tions seem to “form late.” The tuned-lens picture is subtler and now better supported: much
predictive information is present early but superposed and misaligned with the unembedding
direction - invisible to the raw projection, recoverable by the calibrated one (Belrose et al., 2023;
Lad et al., 2024). Depth-wise, the stages of Section 5.1 - detokenization, feature construction,
prediction ensembling, residual sharpening - describe when each kind of content becomes read-
able, which is not the same as when it first exists. The lesson generalizes: where a representation
appears depends on the projection you read it with. That is Section 5.4’s superposition speaking,
and it is why this book states readouts explicitly.

5.6.5 Mapping between frames: stitching
The tuned-lens translator is a special case of something general. A stitching layer is a learned
affine map that carries one frame into another: layer i’s coordinates into layer j’s, or model A’s
frame into model B’s (Lenc and Vedaldi, 2015; Bansal, Nakkiran, and Barak, 2021). That a single
affine map usually suffices - across seeds, widths, and sometimes architectures (Section 5.5) - is
the operational meaning of “same representation, different coordinates,” and it is what licenses
moving directions and features between layers and models instead of rediscovering them; SAE
features now transfer between language models the same way.
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Neuroscience parallel. The question “what does this unit represent?” comes from receptive-
field mapping. Hubel and Wiesel (1959; 1962) characterized neurons in primary visual cortex
by the stimulus that drove them (oriented edges at particular retinal locations), and visual
neuroscience spent the following decades refining that question for higher areas. Mechanistic
interpretability asked the identical question of artificial units (feature visualization, maximally-
activating dataset examples) and hit the identical wall: units in higher layers respond to bewil-
dering mixtures of stimuli. Both fields resolved it the same way: stop analyzing single units,
analyze directions in the population activity space - and read them out with learned linear de-
coders, which is what the tuned lens is. In a transformer, the analogue of a receptive field is a
direction in the residual stream together with the set of inputs that push activations along it.
Lindsay (2021) documents the full round trip between the two fields.

The measurements so far characterize the space on its training distribution, but every geo-
metric quantity in this chapter is a property of the pair (model, input distribution) - Section 5.1
ended on that warning. The next three subsections vary the input on purpose: the same trained
network reorganizes its latent space depending on what flows through it, and the reorganization
has reproducible structure.

5.6.6 Languages: shared middle, specific edges
Multilingual models converge on a consistent depth-wise arrangement: language-specific at the
edges, language-shared in the middle. Reading intermediate layers of Llama-2 with the logit
lens on translation tasks, middle layers decode the semantically correct next token but in an
English-leaning form before late layers rotate it into the input language - evidence of a shared
concept space, biased toward the dominant pretraining language (Wendler et al., 2024). The
pattern generalizes beyond language pairs: semantically equivalent inputs across languages and
modalities (code, arithmetic) land near one another in intermediate layers, and interventions
applied in that shared space transfer across languages - the semantic hub picture (Wu et al.,
2025). Geometrically, languages occupy similar subspaces offset by a language-mean direc-
tion: subtracting a language’s centroid removes language identity while preserving content, and
shifting a representation by another language’s mean induces output in that language (Chang,
Tu, and Bergen, 2022; Libovický et al., 2020). Complementarily, language-specific neurons con-
centrate in the top and bottom layers, and activating or suppressing them causally steers the
output language (Tang et al., 2024).

Two cautions. The “English” character of the middle layers is a readout artifact of the
dominant pretraining language - evidence for a biased shared space, not for the claim that the
model “thinks in English.” And concept-direction transfer across languages, while real, is often
limited to related languages; no single universal language direction has survived testing.

5.6.7 Code versus prose
Code participates in the shared semantic hub - middle layers place a Python snippet near its
natural-language description (Wu et al., 2025) - but code also carries structure prose lacks,
and the structure is recoverable from the geometry. A low-dimensional syntactic subspace in
code-model activations suffices to reconstruct the full abstract syntax tree of the input program,
with most of the syntactic information concentrated in middle layers (López et al., 2022) - a
subspace-valued representation in the sense of Section 5.2. For program state, the sharpest
result concerns variable binding: models attach reusable binding-ID vectors to entities and
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their attributes; the IDs form a subspace of their own, transfer across tasks, and pass causal
tests, in models from Pythia to Llama (Feng and Steinhardt, 2024). Fine-tuning strengthens
this existing mechanism rather than inventing a new one (Prakash et al., 2024). The evidence
draws a clear boundary: name-to-value binding is established; a faithful internal simulation of
full program execution is not, and current evidence does not support claiming it.

5.6.8 Registers and formats: what is and is not established
At finer grain the evidence thins. What is established: sparse dictionaries surface discrete,
causally active features for specific domains and formats - a code-bug feature whose activa-
tion makes the model write buggy code, features for base64 blobs and DNA motifs, per-script
language features whose clamping switches the output language (Templeton et al., 2024). So
domain and format are represented, at least in part, as recoverable feature-level structure. What
is not established: that prose and poetry, or formal and casual register, occupy cleanly separable
subspaces - plausible, uninvestigated at the standard this book requires. And for structured in-
put/output - JSON, tables, schema adherence - there is as of this writing no mechanistic account
at all: the literature is engineering (constrained decoding, format benchmarks), and the only
representational handle is indirect (the format features above, and the observation that JSON
key-value structure is an instance of the entity-binding problem). These are open problems,
listed as such below, not results.

5.7 Applying Pressure to the Latent Space
So far the space has been described and read. This section collects what can be done to it: the
moves that measurably change how a frozen latent space is used, and the levers that shape what
forms in it during training. The division of labor with the rest of the book: Chapter 7 teaches the
engineering (doses, evaluations, guarantees), and Part I’s Section 4.4 the training-loop details;
this section is the catalog, with the evidence status of each item.

5.7.1 Finding a direction: contrast pairs
The workhorse trick is the contrast pair. Write two small sets of prompts that differ only
in the target concept (honest versus dishonest answers, French versus English, harmful versus
harmless instructions), run both through the frozen model, and take the difference of mean
residual vectors at one layer: v̂ = h̄+ℓ − h̄−ℓ . No training, no labels beyond the pairing, and
the result is usually a usable concept direction - the method behind activation addition and
representation engineering, developed in Chapter 7 (Turner et al., 2023; Zou et al., 2023).

Three calibrations decide whether the direction is any good, and each is a result of this
chapter applied. Which layer: middle layers usually work best - early layers are too input-
bound, late layers too output-committed, matching the intrinsic-dimension profile of Section 5.3.
Which metric: the direction that probes best and the direction that steers best need not coincide,
because “direction” is inner-product-dependent (Section 5.6). And probe success is not steering
success: presence is not use - the program concept_direction_probe_and_steer.py is built
around exactly this divergence.
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5.7.2 Five moves that work on a frozen space
Each of these has at least one peer-reviewed or widely replicated result behind it; each also has
a named failure mode.

• Add a direction. hℓ ← hℓ + αv̂ at inference time shifts behavior along the concept
(Turner et al., 2023). Failure mode: dose - too large an α produces incoherence, not a
stronger effect (Chapter 7).

• Ablate a direction. Project a concept out of every residual write, h ← (I − v̂v̂⊤)h.
Applied to the refusal direction, this largely disables refusal across 13 model families while
general capabilities stay intact (Arditi et al., 2024) - the cleanest single-direction result
in the literature, and Chapter 7 discusses what it implies about safety training. Failure
mode: only the linearly encoded part is removed; nonlinear or distributed encodings pass
through (Section 5.6’s exceptions).

• Clamp a feature. Hold one sparse-autoencoder feature at a fixed activation while gener-
ating. Clamping the Golden Gate Bridge feature made a frontier model discuss the bridge
unprompted (Templeton et al., 2024) - control at the level of a named feature, not just a
direction. Failure mode: feature splitting means “the” feature is a resolution-dependent
choice (Sections 5.5 and 6.1).

• Shift by a class mean. Replacing a language’s centroid with another language’s switches
the output language (Section 5.5); the same move applies to registers and formats wherever
they are mean-separated. Failure mode: a mean is a crude summary of a region - variance
along every other direction is untouched.

• Translate the frame. A learned affine map carries a direction found at one layer - or
in one model - into another’s coordinates (stitching, Section 5.6; cross-model translation,
Section 5.5). Failure mode: the map is only as good as the local linearity it assumes, and
it degrades across architecture changes.

5.7.3 Pressure during formation: what forms is negotiable
The deeper trick is upstream: apply pressure while the representations form, and the geometry
this chapter measures comes out different. Part I’s Section 4.4 surveys this properly; the short
version, from the representation side:

• Incidental pressure is already operating. Weight decay, dropout, and width silently de-
cide how much feature-packing and how many backup circuits a trained model contains -
legibility is set by choices nobody audited (Part I, §4.4, regime 1).

• Legibility can be bought. Codebook bottlenecks make hidden states discrete and enumer-
able (Tamkin et al., 2023); Backpack-style architectures fix a non-negative sense-vector
decomposition into the model itself (Hewitt et al., 2023); training adjustments can push
toy models into one-meaning-per-neuron solutions at little loss penalty (Jermyn et al.,
2022). The recurring cost is a capability tax, and the recurring trap is optimizing a legi-
bility proxy while the computation relocates elsewhere (the cautionary episode of Part I,
§4.4).
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• Formation can be targeted. Gradient routing confines a designated capability to a desig-
nated subregion during training, so it can later be removed cleanly (Cloud et al., 2024).
Concept-ablation fine-tuning projects out unwanted concept directions during training and
largely prevents emergent misalignment (Casademunt et al., 2025; Betley et al., 2025).
Persona vectors identify trait directions in advance, letting trainers screen data by its
pressure on a trait, or absorb that pressure during fine-tuning so the deployed model never
encodes it (Chen et al., 2025); the same directions can now be traced as they form across
pretraining checkpoints (Moskvoretskii et al., 2026).

• Architecture is a formation lever. The residual stream Section 5.1 is a carrier of rep-
resentations and its design has an important influence that shapes how representations
form.
The mixing between the residual stream and the outputs of a layer (or sublayers - attention,
mlp) - is done by normalization. Where the normalization applies affects how the gradients
flow back, and how the representations flow forward.
Say a layer has input x and an output y=f(x). The normalization can be applied on y
alone and the result added to x. This allows gradients to flow back to x without going
through the normalization step. Or the normalization can be applied after x and y are
added together. This forces the gradient to flow through the normalization step.
In the first, called Pre-Norm, where normalization occurs inside the residual branch, train-
ing is stable but lets deep layers drift toward redundancy, hidden states from the different
x collide, causing representation collapse.
In the second, called Post-Norm, where layer normalization is applied after the residual
addition - the representations of different layers stay more distinct , however each layer’s
heavy dependence on its residual branch amplifies small parameter perturbations into large
output disturbances (Liu et al., 2020), which can destabilize training.
Measuring these effects can be done with cross-layer similarity, anisotropy, and the marginal
intrinsic dimension of the deep layers - discussed earlier.
This presents a tradeoff - a seesaw, and addressing it led to Hyper-Connections: Zhu et al.
(2024) replace the fixed identity path (x, y added directly) with several residual streams
mixed by learned, input-dependent matrices. Active research continues to address the
same tradeoff in 2026, with manifold-constrained HyperConnections (mHC) and Gated
Residuals (GR).

Status note: the frozen-space moves are established; the formation levers are young, validated
mostly at small scale. What is missing is measurement: nobody has yet priced a formation lever
in this chapter’s currency - intrinsic-dimension profiles, anisotropy, dictionary quality - against
its capability cost. The Research Directions take that up.
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5.8 From Representations to Conceptors
One further object, introduced here because Chapter 7 steers with it. A representation encodes
content: a direction, subspace, or manifold-valued code that downstream computation reads. A
conceptor (Jaeger, 2014) instead summarizes occupancy: it is a soft projection operator

C = R (R+ α−2I)−1, R = 1
N

∑
i xix

⊤
i ,

computed from the correlation matrix R of a cloud of activation states. Geometrically, C is an
ellipsoid fitted to the cloud - the region of latent space a whole class of states occupies when
the network processes a given pattern, with the aperture α setting how tightly - and applying
C to a state softly projects it into that region. Because conceptors are operators they compose:
AND, OR, and NOT combine regions, which no single direction can do.

The consequence for control, developed in Chapter 7: steering vectors add a direction to the
stream; conceptor steering projects the stream into a region. The two are complementary and
fail differently. The program conceptor_steering.py lets you feel the difference by hand.

Takeaways
• The ladder holds the vocabulary: vector spaces are empty containers; learned maps (com-

pressing embedding, additive residual stream, rank-≤ dhead heads) give them structure; acti-
vations are the points actually produced; representations are the content those points carry -
direction-, subspace-, or manifold-valued, and defined by being used downstream, not merely
decodable.

• Activations occupy manifolds of intrinsic dimension 10–100 inside spaces of ambient dimension
103–105; the profile rises then falls across layers, and final-layer compression tracks general-
ization (Ansuini et al., 2019). The cloud is a union of manifolds, so single global dimension
estimates are population summaries, not facts about any component.

• Superposition explains polysemanticity as rational packing of sparse features into limited
channel bandwidth (Elhage et al., 2022), and it forces the field’s unit of analysis from neurons
to features.

• Measured at scale, the space has shape: feature crystals, lobes, and circular features (Li et
al., 2025; Engels et al., 2025); a strong anisotropic cone with rogue dimensions that corrupt
naive cosine similarity (Ethayarajh, 2019; Timkey and van Schijndel, 2021); partial cross-
model universality - and the shape reorganizes with the input: language-shared middles with
language-specific edges, syntactic subspaces and binding IDs for code.

• Every readout is a projection, and what you see depends on which one you use: probes read
candidate directions (present ̸= used; “direction” is metric-dependent, Park et al., 2023); the
logit lens reads the model’s own unembedding and is biased early; the tuned lens calibrates
it; affine stitching moves representations between frames.

• The space is not only readable but pressable: contrast-pair directions, addition and ablation,
feature clamping, mean shifts, and frame translation all work on a frozen model, and training-
time levers (gradient routing, concept ablation during fine-tuning, persona screening) shape
what forms in the first place.
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• A conceptor summarizes where a class of states lives rather than what is encoded, the bridge
from this chapter’s geometry to Chapter 7’s control.

Research Directions

From §5.3: Does fine-tuning move the hunchback?
Measure the layer-wise intrinsic-dimension profile of a base model and its instruction-tuned or
RLHF’d sibling (e.g., an OLMo or Qwen base/instruct pair) on identical text. Three concrete
questions: (1) Does post-training shift intrinsic dimension mostly in late layers, matching the
intuition that alignment tuning edits behavior-adjacent representations? (2) Do behavioral
changes from fine-tuning localize to the layers where intrinsic dimension shifted most? (3) Can
an intrinsic-dimension-profile diff serve as a cheap first-pass “what changed” scan for model
diffing - a question the applied interpretability community currently attacks with far more
expensive tools?

From §5.4: Superposition in mixture-of-experts models
Mixture-of-experts architectures route tokens to specialized experts, which in principle relieves
dimensional pressure: an expert that sees only code tokens needn’t share capacity with poetry
features. Do experts therefore exhibit less superposition (cleaner, more monosemantic neurons)
than a dense model of matched capacity? Measure interference statistics and sparse-autoencoder
reconstruction quality per-expert on an open mixture-of-experts model (e.g., OLMoE or Mixtral-
class). Either answer is informative: less superposition means routing is an implicit interpretabil-
ity tool; equal superposition means the packing pressure comes from something other than raw
dimension scarcity - itself a major clue about why superposition happens in real models.

From §5.5 and §5.8: Do occupancy geometry and dictionaries agree?
Compute conceptors for two registers (code versus prose) from GPT-2 residual states, and mea-
sure the overlap of their ellipsoids (via the conceptor AND operation) against the co-activation
statistics of SAE features for the same registers. Two instruments, one question - how distinct
are the registers? - with no guarantee of the same answer. Agreement would cross-validate
both tools; disagreement would locate exactly what dictionary features miss about occupancy
geometry, or vice versa.

From §5.6: Do concept directions transfer to the wild?
Train a truth/falsehood direction on curated statement datasets (the standard setup), then test
it on naturally occurring model errors, sycophantic agreements, and real transcripts where the
model asserts something false. Report transfer AUROC and calibration under distribution shift,
plus recall at a 1% false-positive budget - the deployment-relevant number. A deception direction
that generalizes to unseen situations would be one of the most valuable artifacts interpretability
could produce; every failure mode documented along the way is itself publishable evidence about
how concept representations fragment.
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From §5.6: Does the resolving layer predict editability?
Build a tuned lens for a small open model. For a battery of factual prompts, record the layer
at which the correct answer first becomes readable, then attempt the corresponding fact edit or
steering intervention at layers around it. Does the resolving layer predict where interventions
succeed? A positive answer would turn a cheap readout into a targeting tool for Chapter 7’s
methods; a negative one would be direct evidence that readability and causal locus dissociate -
itself a finding about superposition.

From §5.7: Price a formation lever in geometric currency
Take one formation-pressure lever - gradient routing on a designated capability, persona-vector
screening of fine-tuning data, or the residual geometry itself (Pre- versus Post-Norm, or Hyper-
Connections) - and one measurement from this chapter: the intrinsic-dimension profile, the
anisotropy, or sparse-dictionary reconstruction quality. Train matched small models with and
without the lever and report both the capability cost and the geometric change. The inter-
pretability tax of Part I’s §4.4 has never been measured geometrically; either answer - the levers
move the geometry cheaply, or they do not - says where the field’s effort belongs.

Programs for Chapter 5
intrinsic_dimension_profile.py Load GPT-2 small via transformers. Run ∼2,000 sen-

tences through the model, caching the residual stream at each of the 12 layers (one vector
per sequence, e.g. last-token or mean-pooled). Implement TwoNN in ∼15 lines of numpy:
pairwise distances, two nearest neighbors, d̂ = N/

∑
i log µi. Plot intrinsic dimension vs.

layer; you should see a rise-then-fall profile. Then rerun with shuffled-word sentences and
compare. Extension: plot the layer-6 estimate as a function of sample count N to see esti-
mator saturation firsthand; then split the sentences by type (code vs. prose) and estimate
each subset separately to see the multi-manifold caution of §5.3 in the data. Type: script
+ matplotlib. Deps: torch, transformers, numpy.

concept_direction_probe_and_steer.py Build a sentiment direction in GPT-2 small: run 50
positive-template and 50 negative-template sentences, take the difference of mean layer-6
residuals. Evaluate it both ways. (1) Probe: held-out classification accuracy using only
the projection onto the direction. (2) Steer: add ±α · v̂ to layer-6 activations during
generation from neutral prompts and score continuation sentiment with a lexicon. Plot
probe accuracy and steering effect vs. layer - observing that the best-probing layer is often
not the best-steering layer is what the exercise is for. Type: script + matplotlib. Deps:
torch, transformers, numpy.

superposition_phase_transition.py Reimplement the core toy model of Elhage et al. (2022)
in ∼80 lines of torch: n=20 features, d=5 hidden dimensions, importance decaying geo-
metrically, feature sparsity S swept from 0 to 0.999. Train W ∈ R5×20 with reconstruction
loss; for each S, plot (a) the number of features represented (columns of W with norm
> 0.5) and (b) the interference matrix W⊤W as a heatmap. You will watch the phase
transition and the polygon geometries appear on your own screen - instructive out of all
proportion to its code size. Type: pure torch + matplotlib, no pretrained model needed.
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entropy_lens.py Chapter 1’s entropy, applied inside the machine (§5.6 made runnable). Read
the residual stream after every GPT-2 layer through the model’s own unembedding and
measure two things per layer: the Shannon entropy of the readout, and DKL(final ∥ layer)
- the divergence of each layer’s readout from the model’s actual final prediction. The KL
curve falls with depth: the prediction forms. The entropy curve does not fall monotonically,
and that is the lesson: early logit-lens readouts can be confidently wrong (low entropy
about the wrong tokens, the lens bias of §5.6), so entropy alone cannot separate confident-
right from confident-wrong - pair it with a divergence to a reference readout. Type: script
+ matplotlib. Deps: torch, transformers.
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6. Features, Circuits, and Causal Verification

Chapter 5 ended with a problem statement: the concepts a network uses are directions in
superposition - overcomplete, non-axis-aligned, invisible to per-neuron inspection. This chapter
is about the response.

Structure of this chapter. Section 6.1 covers sparse autoencoders, which recover candi-
date feature directions from superposed activations by dictionary learning. Section 6.2 covers
circuit discovery: composing recovered parts into documented mechanisms - named algorithms
implemented by specific attention heads and layers - through the two best-studied examples,
induction heads and the indirect-object circuit. Section 6.3 covers causal verification: the
experimental methods (ablation, activation patching, causal scrubbing) that test whether a pro-
posed mechanism story describes what the model actually computes. The order is parts →
wiring → proof, and the third step is the one that separates this field from storytelling: it is
easy to produce an explanation that fits the examples you looked at, and Section 6.3 is about the
experiments that can tell you you’re wrong. As in every chapter, open problems and programs
are collected at the end.

6.1 Sparse Autoencoders: Learning a Dictionary of Features

6.1.1 Dictionary learning on frozen activations

If activations x ∈ Rd are sparse combinations of n≫ d feature directions, the recovery problem
is classical sparse dictionary learning, and the workhorse solution is a sparse autoencoder
trained on activations from a frozen model:

f = ReLU(Wenc(x− bdec) + benc), x̂ = Wdecf + bdec,

with loss ∥x− x̂∥22+λ∥f∥1. The decoder columns are the candidate feature directions; the sparse
code f says which features are active, and how strongly, on each token. The L1 penalty (or, in
later variants, a hard TopK constraint keeping only the k largest latents) forces each activation
to be explained by few features - the inductive bias that matches the superposition hypothesis.

Everything about sparse-autoencoder practice is governed by one trade-off, the reconstruction–
sparsity frontier: more sparsity means more interpretable features but worse reconstruction,
and the behavioral cost of imperfect reconstruction is measured by splicing x̂ into the forward
pass - running the model with the layer’s activation replaced by its reconstruction - and reporting
how much the model’s loss increases.

6.1.2 What comes out: monosemantic features, at frontier scale
Trained on real language-model activations, sparse autoencoders recover features that are strik-
ingly more interpretable than neurons. Cunningham, Ewart, Riggs, Huben, and Sharkey (2023)
showed systematically that sparse-autoencoder features on Pythia-70M activations were more
monosemantic than neurons, PCA components, or ICA components under automated inter-
pretability scoring. Anthropic’s work on Claude 3 Sonnet (Templeton et al., 2024) scaled the
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recipe to a frontier model and recovered features for specific entities (the Golden Gate Bridge fea-
ture, famously steerable), code-security patterns, sycophancy, and safety-relevant abstractions
- with feature quality improving as dictionaries grew into the millions of latents.

The current scale record illustrates the engineering envelope: Gao et al. (2024, OpenAI)
trained a 16-million-latent TopK sparse autoencoder on GPT-4 residual activations over 40
billion tokens. The TopK activation rule eliminates the shrinkage bias of L1 training (under
an L1 penalty, features systematically underestimate their own magnitudes). They report clean
power-law scaling of reconstruction quality with dictionary size and compute, and introduce the
evaluation suite - downstream-loss recovery, probe-based feature quality, ablation sparsity - that
has become standard. Typical operating points keep k ≈ 32–256 features active per token out
of 105–107 candidates.

6.1.3 The evaluation problem and known failure modes
There is no ground-truth feature list for a real model, so sparse-autoencoder evaluation leans
on proxies: language-model-generated feature explanations scored by their ability to predict
activations on held-out text; loss recovered when reconstructions replace activations; human
ratings on feature dashboards. Three failure modes recur and deserve names:

• Dead features. Latents that never fire; wasteful, and their fraction grows without ini-
tialization and resampling tricks.

• Feature splitting. Grow the dictionary and one coherent feature (“month names”) splits
into finer variants (each month). Not wrong, but it means “the” feature set is resolution-
dependent - a dictionary-size choice, not a fact about the model.

• The reconstruction gap. Even large sparse autoencoders leave residual error (“dark
matter”), and the error is not random - it carries structure the dictionary failed to capture.
Whatever lives there is invisible to every downstream analysis built on the dictionary.

Neuroscience parallel. Sparse dictionary learning entered neuroscience thirty years before
it entered interpretability. Olshausen and Field (1996) showed that imposing sparsity on a
linear code for natural images yields V1-like oriented edge filters - sparse coding as a normative
theory of biological representation. A sparse autoencoder is the same mathematics pointed at
transformer activations instead of images. The loop has now closed: deconvolutional sparse-
coding methods are now applied to real neural recordings, decomposing single-neuron activity
into interpretable components. When a method transfers in both directions its failure modes
transfer too: the dictionary-size dependence above corresponds directly to the basis-count choice
in analyzing neural data.

6.2 Circuit Discovery

6.2.1 From features to mechanisms
A circuit is a causal subgraph of model components - attention heads, MLP blocks, feature
directions - that implements an identifiable behavior. Where a sparse autoencoder names the
variables, a circuit is the program fragment: which components read which information from
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where, transform it, and write the result for later components to consume. Two documented
circuits anchor the field, one simple and universal, one messy and instructive.

6.2.2 Induction heads: the canonical circuit
The behavior: given text containing a repeated pattern [A][B] . . . [A], predict [B]. The mecha-
nism, documented by Olsson et al. (2022), is a two-head composition spanning two layers:

1. A previous-token head in an early layer copies each token’s identity into the following
position’s residual stream.

2. An induction head in a later layer, at the current [A], queries for positions whose
previous-token annotation matches [A] - finding the earlier occurrence - and copies the
token that followed it ([B]) into the output.

This is an algorithm - match-and-copy - implemented in attention weights, and it generalizes
to patterns never seen in training.

Induction heads also form abruptly, and the timing is one of the most suggestive facts in the
field. Early in training (for the models in the study, in a window around 2.5–5 billion tokens)
there is a visible bump in the loss curve during which induction heads appear in every model of
the family, and simultaneously the model’s in-context learning ability - measured as loss at late
token positions minus loss at early positions - improves sharply (Olsson et al., 2022). In small
attention-only models, ablating induction heads removes the majority of in-context learning.
The evidence pattern here became a template for the field: correlation in timing across model
sizes, then a causal test by ablation.

6.2.3 Indirect object identification: the full picture
The task: “When Mary and John went to the store, John gave a drink to” → “Mary”. Wang,
Variengien, Conmy, Shlegeris, and Steinhardt (2022) reverse-engineered how GPT-2 small does
this and found a circuit of 26 attention heads in 7 functional classes: duplicate-token heads
flag that “John” repeats; S-inhibition heads suppress attention to the repeated name; name-
mover heads copy the remaining name to the output. So far, so clean. But the details are a
warning label for the whole enterprise. There are backup name-mover heads that do little
normally but activate when the primary heads are ablated - knock out the main pathway and the
circuit partially self-repairs. And some heads (“negative name movers”) actively push against
the correct answer.

Wang et al. (2022) also gave the field its quality criteria: faithfulness (the circuit alone
reproduces the behavior), completeness (nothing important was left out, tested by ablating
the claimed circuit’s complement), and minimality (every included component earns its place).
Most published circuit analyses, including this one, satisfy them only approximately - stated
openly in the paper, and a model for how to report mechanism claims.

Manual circuit analysis of this depth takes expert-months for a three-token behavior in
a 124M-parameter model. That cost curve motivated automation: ACDC-style automated
pruning of computational graphs (Conmy et al., 2023), and attribution patching (gradient-
based linear approximation of patching effects, one forward-backward pass instead of one run
per component; Syed et al., 2023). Automation trades verification depth for coverage - which is
exactly the trade-off Section 6.3 exists to police.
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Neuroscience parallel. The experimental design behind the indirect-object analysis - mini-
mal prompt pairs differing in one computational demand, used to isolate the components respon-
sible - is the localizer contrast from functional imaging. Kanwisher and colleagues isolated
face-selective cortex by contrasting responses to faces vs. objects (Kanwisher et al., 1997); circuit
analysis isolates name-moving heads by contrasting “John gave to Mary” with name-swapped
variants. The backup name-mover phenomenon likewise has a direct biological ancestor: lesion a
brain region and function partially returns over time as other regions compensate. Redundancy
after damage is a property of trained networks of any substrate, which is why single-ablation
evidence is weak evidence in both fields.

6.3 Causal Verification Methods

6.3.1 The ladder of evidence
Every claim in this chapter lives somewhere on a ladder:

Rung Question answered Cost
Observation does the component correlate with behavior? free
Probing is the information present here? minutes
Ablation is the component necessary? cheap
Patching does it carry this information for this behavior? moderate
Scrubbing is the whole hypothesis consistent with behavior? expensive

Field norms have converged: observation and probing generate hypotheses; ablation and
patching test components; scrubbing tests stories. Publishing a mechanism claim supported
only by the first two rungs is how interpretability illusions happen.

6.3.2 Activation patching, done carefully
The method: run the model on a clean prompt and a corrupted prompt (e.g., the indirect-object
sentence vs. a name-swapped variant); cache activations from one run; re-run the other while
splicing in the cached activation at a single component; measure how much of the behavioral
difference the splice restores. Sweep components to map where the behavior-relevant information
flows.

Zhang and Nanda (2023) showed that the conclusions are sensitive to choices that look
innocuous:

• Direction. Denoising (patch clean into corrupted; tests sufficiency) and noising (patch
corrupted into clean; tests necessity) give genuinely different maps - report which you ran.

• Metric. Logit difference between the two candidate answers is usually the right choice;
raw probability saturates and hides graded effects; KL divergence answers a subtly different
question: how much of the model’s entire output distribution the patch restores, rather
than how much of the specific clean-versus-corrupted answer contrast.

• Corruption. Swapping a name is a targeted counterfactual; Gaussian-noising an em-
bedding takes the model off-distribution and can produce artifacts. Once an intervention
pushes activations outside the distribution the model was trained on, every measurement
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downstream of it confounds “the mechanism you meant to test” with “the model reacting
to inputs it has never seen” - and no later analysis step can separate the two.

Ablation is the degenerate patch (splice in nothing). Even there, the reference distribution
matters - zero-ablation is off-distribution for components with large mean output; mean-
ablation removes information while staying in-distribution; resample-ablation (splice activa-
tions from a random other prompt) stays closest to the data distribution and is the noisiest. Run-
ning all three and checking agreement is cheap insurance, and the activation_patching_lab.py
program at the end of this chapter makes the disagreement visible.

6.3.3 Causal scrubbing: testing the story itself
Patching tests components one at a time. Causal scrubbing (Chan et al., 2022) tests a
complete hypothesis: formalize the claim as a computational graph annotated with which in-
termediate values matter for what, then resample-replace everything the hypothesis says doesn’t
matter and measure how much behavior survives. A hypothesis that says “only the name-mover
pathway matters” licenses scrambling everything else; if performance collapses, the hypothesis
was wrong - it claimed irrelevance for something relevant. Behavior preserved under maximal
licensed scrambling is the strongest evidence format the field currently has. The caveats: it
is expensive, it rejects but never confirms (surviving scrubbing ̸= true), and hypotheses need
translation into its formalism.

Neuroscience parallel. Ablation is the lesion study, and it inherits a century of lesion epis-
temology. The core lesson, learned in neuroscience first: a lesion reveals what the remaining
network does without the region, not what the region did: compensation and redundancy (the
backup name-mover heads again) systematically corrupt the inference from deficit to function.
The methodological repair was also invented in neuroscience: reversible inactivation with within-
subject controls (cooling probes, muscimol injection), which corresponds exactly to inference-
time ablation with paired prompts - temporary, dose-controlled, and comparable against the
same subject’s intact behavior.

Takeaways
• Sparse autoencoders turn the superposition hypothesis into a working tool: overcomplete

sparse dictionaries recover monosemantic features at scales up to 16M latents (Gao et al.,
2024) - with dictionary-size dependence and a persistent reconstruction gap as open caveats.

• Circuits are documented mechanisms: induction heads (clean, universal, tied to a training
phase change; Olsson et al., 2022) and the indirect-object circuit (26 heads, backup pathways,
self-repair; Wang et al., 2022) bracket the realistic range from elegant to messy.

• Verification is a ladder - probe, ablate, patch, scrub - and metric, direction, and reference-
distribution choices materially change conclusions (Zhang & Nanda, 2023). The backup-head
phenomenon is the standing reason single-ablation evidence is weak.
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Research Directions

From §6.1: Evaluate sparse autoencoders by what they let you do
Current metrics reward plausible-looking features. A harder, better test: does the sparse autoen-
coder help on a downstream task with an objective answer - eliciting a secretly fine-tuned fact
from a model, detecting a known-injected behavior, or beating linear probes at low-false-positive-
rate monitoring? Pick one task with unambiguous ground truth, compare sparse-autoencoder
features against strong cheap baselines (raw-activation probes, logit lens), and report where the
expensive method actually pays. Negative results here are unusually valuable: the field needs
to know which uses survive contact with baselines.

From §6.2: Do expensive circuit tools beat guess-and-check?
Attribution graphs and automated circuit discovery produce detailed candidate mechanisms,
but the cheap baseline - an experienced person reading model outputs, guessing the mechanism,
and testing with a handful of targeted ablations - is rarely benchmarked. Take three behaviors
with partially known circuits (indirect-object identification, greater-than comparison, docstring
completion), give each method a fixed compute/time budget, and score recovered mechanisms
against the literature. If baselines win at 10% of the cost, that reallocates the field’s effort; if
they lose, we finally have the demonstration that the tooling investment pays.

From §6.3: The cheapest experiment that catches a wrong story
Build model organisms: small transformers trained on algorithmic tasks where the true mech-
anism is known by construction (or verified exhaustively). Then write deliberately flawed-but-
plausible circuit hypotheses and measure which verification methods, at which compute budgets,
reject them. The deliverable is a receiver-operating curve for verification methods themselves -
evidence-per-dollar for patching configurations vs. scrubbing. Nothing would do more to stan-
dardize what “verified” means on a mechanism claim.

Programs for Chapter 6
sparse_autoencoder_features.py Cache GPT-2 small layer-6 residual activations over ∼5M

tokens of OpenWebText sample (a few GB; one laptop-night). Train a 768→ 8192 TopK
sparse autoencoder (k=32) in plain torch - the training loop is under 60 lines. Then build
the payoff tool: for any latent, print the 20 highest-activating contexts with the trigger
token highlighted. Spend an hour browsing; you will find clean features (a close-quote
feature, a “list item” feature) and messy ones. Extension: auto-label 100 random features
with a local language model and score explanation precision on held-out contexts. Type:
training script + CLI browser. Deps: torch, transformers, numpy.

induction_head_finder.py Generate sequences of 50 random tokens repeated twice. Run
GPT-2 small, and for every head compute the prefix-matching score: attention mass from
position t (in the second half) to the position right after the earlier occurrence of token
t. A few heads will light up above 0.5 while the rest sit near zero - you have found the
induction heads. Then ablate them (zero their output) and measure loss on the second
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half of repeated sequences vs. the first: in-context learning visibly degrades. Total: ∼100
lines with transformers hooks. Type: script + matplotlib.

activation_patching_lab.py Reproduce the core indirect-object result in GPT-2 small: 20
clean/corrupted prompt pairs (name-swapped), patch each head’s output at the final token
position, plot the logit-difference recovery as a 12×12 heatmap. The name-mover heads
(around layers 9–10) will stand out. Then rerun the sweep three times with zero-, mean-,
and resample-ablation of the top heads and put the three ranked lists side by side: the
ranks change. Sitting with that instability teaches more methodology than any paper.
Type: script + matplotlib.
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7. Control and Steering

Everything so far has been read-only: measure the geometry, name the features, map the circuits.
This chapter is read-write. If a concept is a direction in activation space (Section 5.6), then
adding that direction at inference time should change what the model does - and it does, often
with surprising precision.

Structure of this chapter. Section 7.1 covers the simple additive method (computing a
concept direction from contrast pairs and adding it to the residual stream) together with the
area’s strongest empirical result, the refusal direction. Section 7.2 generalizes from vectors to
operators: conceptors (soft projections with a Boolean algebra) and affine steering maps with
optimality guarantees. Section 7.3 treats the engineering question that determines whether any
of this gets used in practice: when does steering beat the two conventional levers, prompting
and fine-tuning?

Steering matters for two distinct reasons. Practically, it is a control surface: cheap, reversible,
no retraining. Scientifically, it is the strongest evidence format for representation claims - a
direction that causally moves behavior when added is a direction the model uses, not just one
a probe can read. Every steering success in this chapter doubles as a confirmation of the linear
representation hypothesis of Chapter 5.

7.1 Steering by Activation Addition

7.1.1 The additive recipe
The simplest steering method, activation addition (Turner et al., 2023), needs no training at
all:

1. Choose a contrast pair: prompts embodying the target concept and its opposite (“Love”
vs. “Hate”; 50 harmful vs. 50 harmless instructions).

2. Compute the difference of residual-stream activations at a chosen layer ℓ - one pair, or a
difference of means over many pairs: v̂ = h̄+ℓ − h̄−ℓ .

3. At inference, add it: hℓ ← hℓ + αv̂, for every generated token.

Two hyperparameters do all the work. Layer: middle layers usually steer best; early layers
are too input-bound, late layers too output-committed (compare the intrinsic-dimension profile
of Section 5.3). Coefficient α: too small does nothing, too large produces incoherence - the
model rambles about the concept instead of shifting style. Serious evaluations report a dose–
response curve of behavior change and capability retention vs. α, never a single cherry-picked
operating point.

Zou et al. (2023) framed this as a general paradigm they called representation engineering,
with two primitives: reading vectors (project activations onto a concept direction to detect
honesty, emotion, or harmfulness while the model runs) and control vectors (add the direction
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to modify). Detection and control from the same object is the practical payoff of the causal-
inner-product story of Section 5.6 - and the detect-then-control loop is the seed of conditional
steering, which returns in Section 7.3.

7.1.2 The refusal direction: the cleanest result in the area
Arditi et al. (2024) asked whether refusal (the trained behavior where a chat model declines
harmful requests) is linearly represented. The answer is the strongest single-direction result
published to date. Across 13 open chat models spanning 1.8B to 72B parameters (Qwen, Llama,
and Gemma families), a single direction per model, computed as a difference of means between
harmful and harmless instruction activations, mediates refusal in both directions. Ablating the
direction (projecting it out of every residual write, or orthogonalizing the weights against it
once) largely removes refusal of harmful requests while general capabilities remain statistically
indistinguishable from baseline (MMLU and ARC essentially unchanged). Adding the direction
on harmless prompts makes the model refuse to tell you a cake recipe. One direction, found
with a few hundred prompts and no gradient steps, functioning as a behavioral switch across
every model family tested (Arditi et al., 2024).

Three readings of this result, all of which matter. As science: strong causal confirmation that
a high-level, safety-relevant behavior is one-dimensional in every current open model - the linear
representation hypothesis at its best. As security: weight orthogonalization is a training-free
jailbreak, which tells you what single-direction safety training is worth against an attacker with
weight access. As methodology: the paper’s evaluation pattern (behavior shift and capability
retention and cross-model replication) is the reporting standard steering work should meet.

7.1.3 Measuring side effects
A steering intervention that “works” can fail three quieter ways: capability tax (perplexity
or benchmark degradation while steered), off-target drift (an honesty vector that also shifts
formality or verbosity - expected whenever concept directions are correlated rather than or-
thogonal, which superposition guarantees), and incoherence masquerading as success (a
“refusal-suppression” vector that works by making the model too confused to refuse). The min-
imum credible evaluation: dose–response on the target behavior, a fixed capability suite at the
operating α, and a read of off-target behavior deltas.

Neuroscience parallel. Steering by adding to a population code was demonstrated in the
brain before it was demonstrated in transformers. Salzman, Britten, and Newsome (1990) in-
jected microstimulation current into direction-selective neuron clusters in visual area MT while
monkeys judged motion direction - and the animals’ perceptual reports shifted toward the stimu-
lated direction. Driving a population along its coding axis changes downstream behavior: that is
activation addition, three decades early. The transformer analogue of the stimulating electrode
is the hook that adds αv̂ to the residual stream; the analogue of reversible chemical inactiva-
tion (muscimol, cooling) is inference-time directional ablation: temporary, dose-controlled, and
removable.
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7.2 Steering with Conceptors and Affine Maps

7.2.1 From vectors to operators
Additive steering applies the same nudge to every activation regardless of where it already is.
Before generalizing, name the pieces. A projection onto a unit direction v̂ is the rank-one
matrix v̂v̂⊤: applied to h it returns (v̂⊤h) v̂, the component of h lying along v̂, and discards
everything else. Ablation, as throughout this book, means removing a candidate component
of the computation to observe what changes. Projection ablation composes the two:

h ← (I − v̂v̂⊤)h = h− (v̂⊤h) v̂,

subtract from h exactly its own component along v̂. The contrast with addition is why the oper-
ation is needed at all. Adding −αv̂ pushes every input by the same fixed amount: overshooting
where the concept is already weak, undershooting where it is strong. Projection ablation is
input-adaptive: it removes precisely as much of the concept as the activation contains, guaran-
tees a zero reading along v̂ for every input, requires no dose parameter α, and is idempotent
(applying it twice changes nothing further). It is the tool of choice when the goal is removal
rather than steering - the refusal-direction ablation of Section 7.1 is exactly this operation.

Both are special cases of an affine map

h ← Wh+ b,

addition being W=I, b=αv̂ and projection ablation W = I − v̂v̂⊤, b=0. The family between
them is large, but it is worth being precise about what even the full affine family, used one
direction at a time, does not buy:

• Linear component only. A projection removes the linearly encoded part of a concept.
Anything encoded nonlinearly, or distributed across several correlated directions, passes
through untouched - the circular and conditional features of Section 5.6 are the standing
examples.

• A line is a crude summary of a region. A single direction is a one-dimensional
statement, but real attributes (register, sentiment, topic) occupy regions of activation
space with variance along many directions at once.

• Composition interferes. Concept directions are correlated rather than orthogonal (su-
perposition guarantees it, §5.4), so stacking single-direction edits compounds side effects:
three nudges that each work alone need not work together.

Two lines of work address these limits with principled structure - one from recurrent-network
dynamics, one from optimization theory.
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7.2.2 Conceptors: soft projections with a Boolean algebra
The first line answers the region and composition limits directly. Conceptors (Jaeger, 2014),
developed for reservoir and recurrent networks, capture the region of state space a network
occupies while doing a particular task. From the state correlation matrix R = E[hh⊤], the
conceptor is

C = R (R+ α−2I)−1,

a soft projection whose eigenvalues lie in [0, 1): directions with high task variance are preserved
(eigenvalue → 1), low-variance directions suppressed, with aperture α setting the softness.
Where a steering vector says “move along this line,” a conceptor says “stay in this ellipsoid.”

The distinctive property is compositionality. Conceptors support a Boolean algebra with
closed-form matrix expressions (Jaeger, 2014): AND (intersection of ellipsoids), OR (union),
NOT (complement). The original paper demonstrated a reservoir network storing dozens of
temporal patterns, each gated by its conceptor, with logical combinations morphing smoothly
between patterns. For transformer steering this is the natural formalism for the question ad-
ditive vectors answer badly: how do you steer toward formal AND honest but NOT verbose
without three nudges interfering? In early evaluations, conceptor-based steering on language-
model activations has outperformed additive vectors on multi-concept control, though systematic
comparisons remain young; the cost is a d× d matrix per concept instead of a d-vector.

7.2.3 Affine steering with guarantees
The second line answers a different gap: among all affine maps, which one? Singh, Ravfogel,
Herzig, and colleagues (2024), in Representation Surgery, derive rather than propose the inter-
vention: state a formal objective and solve for the optimal affine map. Two results anchor the
paper. For concept erasure, making the steered representations carry no linearly decodable
signal about a concept (“guardedness”), the minimally distorting affine intervention has a closed
form, in the lineage of LEACE (Belrose et al., 2023): an oblique projection removing exactly the
concept subspace, whitened so distortion is minimal. For steering toward a class, matching
the target class mean is optimal under their objective, and matching covariances (a full affine
map, not a translation) provably reduces the residual signal further.

The practical import is less any single formula than the workflow it licenses: say what you
want the intervention to achieve, in math, and derive the operator - replacing the guess-a-vector-
and-sweep-α loop with statements you can check. When the derived optimum is affine, you also
learn something about the ceiling: if provably-optimal affine erasure still leaks the concept to a
nonlinear probe, the leak measures exactly how non-linear the concept’s encoding is, connecting
back to the exceptions to the linear representation hypothesis in Section 5.6.

Neuroscience parallel. Control as shaping a region of state space, rather than pushing along
a single axis, is the modern picture of motor cortex. Churchland, Shenoy, and colleagues (2012)
recast movement preparation as setting an initial condition inside a subspace, with movement
unfolding as the lawful dynamical evolution from it; follow-up work distinguished “output-
null” directions (along which activity can vary without affecting muscles) from “output-potent”
directions (which drive output). An affine steering operator formalizes exactly that distinction
for transformers: edit designated subspaces, guard the rest.
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7.3 Practical Comparisons: Prompting vs. Fine-tuning vs. Steer-
ing

7.3.1 The three levers
Every behavior change you want from a model is implemented through one of three levers, and
choosing is an engineering decision with measurable trade-offs - not a matter of taste.

Prompting Fine-tuning Steering
Marginal cost context tokens each

call
GPU-hours once;
serving copies

one forward hook;
∼zero latency

Reversibility total - edit the string poor - retrain or revert
weights

total - remove the
hook

Precision coarse; competes with
rest of context

high where data cov-
ers; drifts elsewhere

surgical iff concept is
linear

Durability vs.
user pressure

weak - injectable, ex-
haustible

strong strong (user can’t
reach activations)

Side-effect pro-
file

prompt crowding, in-
jection surface

broad, delayed, hard
to audit

measurable, dose-
controlled

Auditability full (text is the arti-
fact)

low (weight diff is
opaque)

medium (vector + α +
eval)

Fails when context is adversarial
or long

data underspecifies in-
tent

concept isn’t linearly
encoded

7.3.2 What each lever is actually for
Prompting is the default for a reason: zero infrastructure, instant iteration, complete re-
versibility. Its two structural weaknesses are that it occupies the same channel as attacker
input (prompt injection is prompting, hostile) and that instructions decay over long contexts.
System-prompt behavior is a suggestion the model usually honors, not a constraint.

Fine-tuning (supervised fine-tuning, LoRA, RLHF) is the durability lever: it changes what
the model is rather than what it is told, generalizes beyond demonstrated cases, and survives ad-
versarial users. Its costs are symmetric: changes generalize in unintended directions too. Emer-
gent misalignment (Betley et al., 2025), where fine-tuning on insecure code produces broadly
misaligned personas, is the standing cautionary tale: the fine-tuning data said one narrow thing,
and the optimizer learned a broad latent trait, invisibly, discovered only by later behavioral au-
dit. Fine-tuning’s side effects are broad, delayed, and unauditable by inspection - you find
them by evaluation or not at all. (Part I, §4.4, covers the emerging repair: concept-ablation
fine-tuning projects out unwanted activation directions during training and largely prevents the
effect; Casademunt et al., 2025.)

Steering occupies the middle: more durable than prompting against user pressure (the
user cannot edit activations), more reversible and auditable than fine-tuning (the intervention
is a vector you can print, dose, and delete), and surgical exactly when Chapter 5’s geometry
cooperates. Its boundary is the boundary of the linear representation hypothesis: behaviors
without a clean linear encoding steer badly, and multi-concept steering inherits the interference
problems Section 7.2 exists to solve.
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7.3.3 Composition is the real answer
Production systems increasingly use all three, assigned by the table’s rows: fine-tune what
must be durable and general (core safety, format compliance); steer what must be adjustable,
reversible, and user-tamper-proof (per-deployment persona, monitored-concept suppression);
prompt what changes per-request. Monitoring completes the loop: probes (Section 7.1’s reading
vectors) detect a concept cheaply at serving time, conditional steering responds only when
triggered, and fine-tuning absorbs whatever the monitoring logs prove is a persistent gap. The
three levers compose into a control system - interpretability supplying the sensors, steering the
actuators, and fine-tuning the slow adaptation layer.

A fourth lever is emerging that spans the table’s rows: training-time steering, surveyed in
Part I (§4.4). Gradient routing localizes a capability into a designated subregion during training
so it can later be removed cleanly (Cloud et al., 2024); concept-ablation fine-tuning steers which
solution the optimizer selects from the data (Casademunt et al., 2025); preventative steering adds
a trait direction during fine-tuning so the model absorbs training pressure without encoding the
trait (Chen et al., 2025). These methods have fine-tuning’s durability with steering’s precision
and auditability - the same interpretability instruments this chapter uses at inference time,
moved inside the training loop. They are young, validated mostly on small models and fine-
tuning rather than pretraining at scale, and they belong in any modern version of the comparison
above.

Takeaways
• Contrast-pair steering vectors change behavior with no training (Turner et al., 2023; Zou

et al., 2023); layer and dose are the knobs, and dose–response with capability retention is
the required evaluation. The refusal direction, one vector mediating refusal across 13 models
(Arditi et al., 2024), is the area’s central causal result.

• Operators generalize vectors: conceptors (Jaeger, 2014) contribute soft projections with a
Boolean algebra for compositional control; affine steering theory (Singh et al., 2024) con-
tributes provably optimal interventions for stated objectives - and residual leakage under
optimal affine erasure measures a concept’s non-linearity.

• Prompting, fine-tuning, and steering trade off cost, reversibility, precision, durability, and
auditability; mature systems compose all three, with probes as sensors and steering as the
fast reversible actuator.

Research Directions

From §7.1: Conditional steering for prompt injection
Always-on steering taxes every token; conditional steering applies the vector only when a probe
fires. Prompt injection is the natural target: train a probe for “instructions arriving from
retrieved/tool content rather than the user,” and fire a compliance-suppressing vector only
on those spans. Deliverables: injection-success rate against a standard attack suite, benign-
task degradation (which should be ≈ 0 when the probe is silent), probe false-positive rate at
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deployment thresholds, and latency overhead. Every component is standard; the composition
(and a candid side-effect accounting) is the contribution.

From §7.2: Operator steering against eval awareness
Models increasingly behave differently when they detect evaluation contexts - a direct threat to
every benchmark-based safety claim. Suppressing eval awareness with a crude additive vector
risks collateral damage to situational reasoning in general. The sharper tool: a conceptor or
guarded affine map that removes evaluation-context information while explicitly preserving a
protected subspace for adjacent capabilities (instruction-following, context-tracking). Deliver-
ables: does behavior-under-evaluation converge to behavior in deployment-like contexts, what
breaks, and (the governance question) should results obtained under suppression be trusted
more than results without it, or does the intervention itself invalidate the eval?

From §7.3: A benchmark for behavior-change interventions
No public benchmark compares the three levers on equal footing. Fix a suite of target behaviors
spanning difficulty (output format ≪ persona ≪ suppressing a trained behavior); implement
each via strong versions of all three levers; measure on a shared grid - success rate, capability
retention, robustness to adversarial pressure, off-target drift, latency, and durability decay over
context length and multi-turn conversations. The deliverable is the trade-off table of Section 7.3
with numbers in the cells, per behavior class. Every deployment team is currently building a
private, partial version of this; the first public one becomes the field’s reference.

Programs for Chapter 7
refusal_direction_steering.py On a small chat model (Qwen-1.8B-class): compute the re-

fusal direction from 100 harmful/harmless instruction pairs at a middle layer. Implement
both interventions: projection ablation (h← h− v̂v̂⊤h at every layer) and addition (+αv̂).
Measure refusal rate on 50 held-out harmful and 50 harmless prompts, and score a 200-
question MMLU subset under each condition. Plot the full dose–response for five values
of α. The point of the exercise is the second plot - behavior change means nothing until
you price its capability tax. Type: script + matplotlib. Deps: torch, transformers.

conceptor_steering.py Two parts. (1) Classic: a 500-unit echo state network driven by four
periodic patterns; compute each pattern’s conceptor, then regenerate patterns by gating
with C, and morph by interpolating conceptors - the demonstration from Jaeger (2014)
in ∼150 lines of numpy. (2) Transformer: compute conceptors for positive and formal
sentiment/register from contrast sets of GPT-2 activations; steer with AND(Cpos, Cformal)
vs. the sum of two additive vectors; score continuations for both attributes. The head-to-
head on simultaneous two-attribute control is where operators visibly justify their extra
cost. Type: numpy + torch script.

prompt_finetune_steer_comparison.py One target behavior: always respond in valid JSON
with keys answer and confidence. Three implementations on the same small chat model:
(a) system prompt; (b) LoRA fine-tune on 500 synthetic examples; (c) steering vector
from JSON-compliant vs. free-text contrast pairs. Score each on: compliance rate over
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200 held-out queries, compliance after an adversarial user turn (“ignore the format, just
chat with me”), MMLU-subset retention, and tokens/sec overhead. Print the results as
the trade-off table from Section 7.3, with your measured numbers in the cells - the entire
chapter, empirically, in one afternoon. Type: script; optional peft for LoRA.
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8. Evaluation and Frontiers

Chapters 5–7 produced tools and stories: geometric measurements, feature dictionaries, circuit
diagrams, steering vectors. This chapter asks the two questions that determine whether any of
it matters. First: when should we believe an interpretation? Second: what should the field work
on next?

Structure of this chapter. Section 8.1 examines the faithfulness problem - the field’s
central unsolved challenge: explanations can be plausible, predictive, and wrong, and the fail-
ure is usually silent. Section 8.2 surveys the search for a quantitative theory underneath the
descriptions, where information geometry and the study of training dynamics (grokking,
phase transitions, discrete skill acquisition) suggest that internal reorganization precedes behav-
ioral change. Section 8.3 lays out the open problems: scaling current methods to frontier and
mixture-of-experts models, closing the verification gap, automating the analysis loop, and the
field’s turn toward applied questions, ending with a ranked starter map for the reader. If you
read only one chapter of this part closely, this is the one to choose: the most important content
of interpretability is not any particular finding but the standard of evidence, and that standard
is still under construction.

8.1 The Faithfulness Problem

8.1.1 Plausible is not faithful
An explanation of a model’s behavior is plausible if it makes sense to a human and fits the ob-
servations examined. It is faithful if it describes the computation the model actually performed.
The gap between these is where interpretability fails silently: a plausible story constrains noth-
ing, because for any behavior there are many plausible stories, and the incentives of the explainer
(human or model) push toward persuasiveness, not truth.

8.1.2 The microprocessor cautionary tale
The sharpest demonstration comes from outside machine learning. Jonas and Kording (2017)
asked: if we apply standard neuroscience analysis methods to a system whose mechanism we
fully understand (the MOS 6502 microprocessor running Donkey Kong), do the methods recover
the truth? They lesioned every one of the chip’s 3,510 transistors individually and identified the
subset whose removal breaks a specific game: transistors a neuroscientist would label “Donkey
Kong transistors.” The label is mechanistically meaningless: those transistors implement generic
logic used by many programs, and the lesion deficit reflects incidental dependency structure, not
function. Spike-train-style analyses of transistor switching, tuning curves, and dimensionality
reduction on chip activity likewise produced familiar-looking, publishable, wrong characteriza-
tions. Methods validated by decades of neuroscience practice failed to recover the mechanism of
a system orders of magnitude simpler than any brain - and the failure was only visible because
ground truth was available (Jonas & Kording, 2017).
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The transfer to interpretability is direct and uncomfortable: ablate an attention head, observe
a behavioral deficit, and you have exactly the “Donkey Kong transistor” evidence pattern. The
backup name-mover heads of Section 6.2 are the same lesson from inside the field. A deficit under
lesioning is weak evidence about what the lesioned component was computing; the paper is the
standing argument for the verification ladder of Section 6.3, and for building interpretability’s
own known-ground-truth test systems (Section 8.3).

8.1.3 Chain-of-thought faithfulness: the live instance
The faithfulness problem is most consequential where the model explains itself. Reasoning
models emit chains of thought, and an appealing safety strategy is to read them: if the model
plans something bad, the plan should be visible. Whether that works is an empirical question,
and the results so far are mixed in both directions.

Lanham et al. (2023) introduced the intervention paradigm: perturb the chain of thought and
see if the answer cares. Truncate the reasoning mid-stream, corrupt a step with an introduced
error, paraphrase it, or replace it with filler tokens: if the final answer is unchanged, the
stated reasoning played no causal role in producing the answer. They found wide variation:
on some tasks answers track the chain of thought tightly; on others the model reaches the
same answer with its reasoning removed, meaning the stated reasoning was post-hoc narrative.
Faithfulness also varied non-monotonically with model size - larger models can be less faithful
on easy tasks, plausibly because they don’t need the scratchpad (Lanham et al., 2023).

Arcuschin et al. (2025) showed that unfaithfulness arises naturally, without adversarial pres-
sure: models exhibit implicit post-hoc rationalization (for example, answering “yes” to both “is
X bigger than Y?” and “is Y bigger than X?” with fluent, contradictory justifications), along
with silent error-correction (“illusory transparency”), where the printed reasoning contains mis-
takes that the underlying computation silently repairs. Bogdan, Macar, Nanda, and Conmy
(2025) supply the constructive response with thought anchors: sentence-level resampling and
attention suppression identify which sentences of a chain of thought actually influence the final
answer, recovering a dependency graph of the reasoning rather than trusting its surface.

For monitoring, the operational summary is: a chain of thought is evidence, not testimony
- a channel that correlates with the underlying computation, sometimes strongly, and can be
audited by intervention, but never read as ground truth. Every monitoring proposal built on
reading chains of thought needs an answer to “what is your measured faithfulness rate on this
model and task family, at what false-positive budget?”

8.1.4 A catalog of interpretability illusions
Recurring ways an interpretability result can be true-looking and false, collected from Chapters
5–7:

• Probe illusion (§5.6): the probe reads a direction that is present but unused downstream.
Antidote: intervention.

• Lesion illusion (§6.3; Jonas & Kording, 2017): deficit under ablation read as function.
Antidote: patching with targeted counterfactuals; multiple ablation references.

• Off-distribution illusion (§6.3): interventions (zero ablation, noised embeddings) push
the model off-distribution, and the measured effect is the distribution shift, not the mech-
anism.
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• Resolution illusion (§6.1): sparse-autoencoder feature sets depend on dictionary size; a
“discovered feature” may be an artifact of where you stopped splitting.

• Narrative illusion (this section): the explainer (researcher or model) optimizes for co-
herence. Chain-of-thought rationalization is the model-side case; cherry-picked feature
dashboards are the researcher-side case.

Neuroscience parallel. Every illusion above was catalogued in neuroscience first, under its
own name: reverse inference (decodability mistaken for use), lesion-deficit confounds and post-
lesion compensation, stimulation artifacts, atlas-resolution dependence, and the file drawer of
pretty-but-wrong tuning-curve stories. Neuroscience built its methodological immune system
(preregistration, causal-inference standards, model organisms with known circuits) after decades
of these failures. Interpretability, moving faster on cheaper experiments, can import that immune
system instead of re-evolving it; Jonas and Kording (2017) is the transfer document.

8.2 Information Geometry Meets Interpretability

8.2.1 Why look for a deeper theory
Everything in Chapters 5–7 is descriptive: measured profiles, discovered features, documented
circuits. Nothing yet predicts - when a capability will emerge, where a feature will form, which
training run will generalize. A growing research thread reaches for mathematical structure un-
derneath the descriptions, borrowing from information geometry, statistical physics, and occa-
sionally further afield. This section surveys the thread with its epistemic status plainly marked:
promising reframings, few established results.

8.2.2 The loss landscape as a geometric object
Part I built this geometry in full (its Chapters 2 and 4): the Fisher information matrix
is the natural metric on parameter space, measuring how much the model’s output distribu-
tion changes per unit parameter change (Amari, 1998), and training navigates the manifold it
defines. What this section adds is the interpretability reading. The object of interest is the
spectrum: flat directions of F are parameters the behavior doesn’t care about; sharp directions
are the parameters the model’s behavior depends on most strongly. Flatness connects (with
the reparameterization caveats Part I treats) to generalization and robustness of the learned
representation, and Fisher-weighted parameter importance is what continual-learning methods
compute when deciding what not to overwrite (Kirkpatrick et al., 2017) - a bridge between
geometry and “which weights encode the capability.”

8.2.3 Training dynamics as trajectories with transitions
Two results anchor the claim that training has structure (discrete events, not smooth drift) and
that internal reorganization precedes behavioral change.

The first is grokking (Power, Burda, Edwards, Babuschkin, and Misra, 2022): small trans-
formers trained on modular arithmetic reach 100% training accuracy quickly, then sit at chance
test accuracy for orders of magnitude more optimization steps (102 to 105 steps of apparent sta-
sis) before test accuracy jumps abruptly to near-100%. Follow-up mechanistic analysis (Nanda
et al., 2023) showed what the plateau hides: the network is gradually assembling a generalizing
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algorithm (for modular addition, a Fourier-transform-based circuit using trigonometric identi-
ties) while the memorizing solution still dominates behavior; the “sudden” generalization is the
handover. (Part I, §4.4, examines the training-side lever: weight decay drives the cleanup phase
that completes it.)

A caveat worth stating plainly, because it is easy to misread grokking as a goal: generalization
is the objective, and reaching it immediately is the better outcome in practice. Grokking is not
a superior end state; it is the same end state reached by a slow, delayed route. Its value is
diagnostic. Grokking is a lab curiosity: it requires a specific regime (a small, over-parameterized
model, a tiny training fraction, and strong weight decay) engineered so that memorization is
the cheapest path to zero training loss and therefore wins first. Because the general circuit then
forms only slowly, under weight-decay pressure, over tens of thousands of steps, the long plateau
lets us watch the circuit assemble rather than have it appear instantly and invisibly. Widen
the training fraction (or add data) and the rule becomes the cheapest path from the start: the
network generalizes at once, and there is no delay to instrument. The phenomenon is thus a
property of the training regime, not of modular arithmetic - a controlled setting for observing
circuit formation, not a behavior one wants in a deployed model.

The second is the induction-head phase change of Section 6.2 (Olsson et al., 2022): a
loss-curve bump, circuit formation, and in-context learning arriving together in a narrow token
window across model sizes.

The interpretability reading: behavioral metrics are lagging indicators. Circuits form first;
capabilities follow. That inverts the evaluation problem - if internal observables (Fisher spectra,
weight-space structure, feature-dictionary drift) can be monitored during training, emergence
stops being a surprise found at benchmark time. This is not left as a promise: the chap-
ter’s fisher_spectrum_inspector.py program tracks the top Fisher eigenvalues through the
grokking run itself, and in the book’s reference run the largest spectral movement precedes the
test-accuracy jump by ∼400 steps - a spectral crisis (a ∼10× eigenvalue spike as the memorized
solution destabilizes) arriving while behavior still reads as chance. Two internal observables,
two early-warning profiles: the embedding Fourier share moves earlier but gradually; the Fisher
spectrum moves later but violently.

Michaud, Liu, Girit, and Tegmark (2023) extend the picture to scale with the quantization
model of neural scaling: model the world as a long-tailed (Zipf-distributed) collection of
discrete prediction “quanta” (skills, facts, patterns) that models acquire in rough order of use-
fulness. Summing the per-quantum loss reductions over the tail yields power-law scaling laws,
and predicts that smooth aggregate loss curves decompose into many small discrete acquisitions
- consistent with what they find by clustering per-token loss trajectories. Smoothness at the
macroscale, mechanism at the microscale: the same claim grokking makes about time, made
about scale.

On the quantum-geometric analogies that occasionally appear in this literature: there is
emerging work importing formalism from quantum geometry (metric structures on state spaces,
geometric phases) as analogy for representation dynamics. As of this writing it is speculative - no
established interpretability result depends on it. The fair summary: the demonstrated value of
geometry-of-training is real (Fisher structure, phase transitions, quanta); the exotic extensions
are watchlist items, cited here so the reader recognizes them, not so the reader believes them.

Neuroscience parallel. Neuroscience arrived at the same two commitments, geometry and
transitions, from its own data. Neural population activity during learning traces low-dimensional

39



manifolds that reorganize at behavioral milestones; developmental neuroscience’s critical periods
are phase transitions in plasticity; and the analysis vocabulary (state-space trajectories, attractor
landscapes, dimensionality collapse at learning onset) transfers to training-dynamics work almost
without translation. The shared bet is that learning systems of any substrate reorganize through
discrete geometric events - and each field now supplies test cases for the other’s theories.

8.3 Open Problems and Future Tools

8.3.1 The scaling wall
The methods of Chapters 5–7 were validated mostly on models between 70M and 8B parameters.
Frontier models are 100–1000× larger, and three gaps open with scale. Cost: sparse-autoencoder
training at the 16-million-latent scale already consumes tens of billions of tokens of activation
data per layer (Gao et al., 2024); covering every layer of a frontier model at adequate dictionary
resolution is a pretraining-class expenditure, and circuit analysis scales worse. Architecture:
mixture-of-experts models add a discrete routing layer that current tools barely address - fea-
tures and circuits are conditional on routing paths, and the combinatorics of path-conditioned
analysis is untouched territory. Modality: multimodal models fuse representations across en-
coders; whether concept directions and feature dictionaries transfer or fragment across the fusion
boundary is mostly unmeasured.

8.3.2 The verification gap
There is no agreed standard for “this explanation is correct”: Section 6.3’s ladder is practice,
not benchmark. The missing infrastructure is known-mechanism model organisms: systems
where ground truth exists by construction (hand-compiled transformers, models trained on algo-
rithmic tasks with verified circuits, deliberately backdoored models), against which verification
methods themselves can be scored for sensitivity and specificity - the interpretability analogue
of the Jonas–Kording chip, built on purpose. The auditing-game format (hide a behavior in a
model; score teams and tools on finding it) is the most promising current instantiation, and it
doubles as the natural benchmark for the next item.

8.3.3 Automation and the applied turn
Interpretability labor is expert-bound, and the field’s response is to spend model capability on
model transparency: language-model agents generating hypotheses, choosing prompts, running
patching sweeps, auto-labeling sparse-autoencoder features, and, in auditing settings, discovering
implanted behaviors end-to-end. The open question is whether automated interpretability keeps
pace with the capabilities of the models it must explain: transparency per FLOP has to grow
at least as fast as capability per FLOP, or the gap between what models can do and what we
can explain never closes.

Meanwhile the field’s center of gravity has moved from pure reverse-engineering toward
model biology, the stance Part I introduced in its Section 3.5: treating models as organ-
isms whose behaviors are studied with behavioral evidence first and causal evidence second,
without demanding complete mechanistic reduction before saying anything; the behaviors in
question include emergent misalignment (Betley et al., 2025), eval awareness, sycophancy, and
user modeling. The applied portfolio is concrete: probe-based monitoring in production (cheap,
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and currently the state of the art for misuse detection), model diffing after fine-tuning (what
changed?), forensics after incidents (why did it do that?), and steering as a deployment con-
trol (Section 7.3). These are the tasks where interpretability either delivers measurable value
or doesn’t - recall at fixed false-positive budgets, incident-explanation accuracy on held-out
counterfactuals.

8.3.4 Tools that do not exist yet
A short list of buildable-but-unbuilt infrastructure, offered as an agenda:

• A causal-claim verifier: given a mechanism hypothesis in a standard format, automat-
ically compile it to the cheapest patching/scrubbing experiment set that could reject it,
run, and report.

• Cross-model feature dictionaries: sparse-autoencoder features aligned across model
families and scales, so “the sycophancy feature” becomes a portable, versioned object
rather than a per-model rediscovery.

• Interpretability foundation models: models trained to read activations (natural-
language autoencoders, activation-to-explanation translators), amortizing the per-question
cost of internal analysis.

• Training-time monitors: the leading-indicator program of Section 8.2 productized -
dashboards over Fisher spectra, feature-formation events, and loss-quanta acquisition dur-
ing pretraining.

• A verification benchmark: the known-mechanism organism suite above, with public
leaderboards for verification methods, not just discovery methods.

• Training-time levers at scale: the train-for-legibility and train-for-steerability pro-
grams surveyed in Part I (§4.4), which include gradient routing (Cloud et al., 2024),
concept-ablation fine-tuning (Casademunt et al., 2025), and preventative steering (Chen
et al., 2025), are validated so far on small models and fine-tuning. Nobody has trained a
frontier-scale model with interpretability constraints from the start, or priced the inter-
pretability tax at scale. If the price is affordable, most of this chapter’s post-hoc machinery
becomes a verification layer rather than the primary tool.

8.3.5 A starter map for the reader
Ranked by (ease of entry × impact), for a reader with this book and a laptop - each item traces
to a Research Direction or Program in one of the chapters:

1. Chain-of-thought faithfulness measurement (§8.1): behavioral, cheap, directly safety-
relevant; chain_of_thought_faithfulness.py is the on-ramp.

2. Probe-based monitoring at fixed false-positive rates (§5.6, §7.3): the applied task
where linear tools are already state of the art.

3. Grokking-style training-dynamics studies (§8.2): fully reproducible at toy scale; the
leading-indicator question is open.
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4. Steering side-effect accounting (§7.1–7.2): every new steering method needs the dose–
response-plus-capability evaluation; supplying it for published methods is publishable.

5. Sparse-autoencoder evaluation against cheap baselines (§6.1): negative results
welcome and needed.

6. Model diffing and forensics (§8.3): highest realism, needs the most judgment; start
after two or three of the above.

Takeaways
• Plausible ̸= faithful, and the failure is silent: the microprocessor study (Jonas & Kording,

2017) shows standard methods produce confident wrong stories when ground truth is check-
able; chain-of-thought unfaithfulness (Lanham et al., 2023; Arcuschin et al., 2025) is the same
phenomenon where the model narrates itself. Intervention is the only antidote, and it has its
own illusions to manage.

• Training has geometric structure: phase transitions (Power et al., 2022; Olsson et al., 2022),
Fisher-metric landscapes, and discrete skill quanta (Michaud et al., 2023) - circuits form
before capabilities appear, making internal observables potential leading indicators. The
exotic geometric analogies remain speculative, and are labeled as such here.

• The frontier is scaling (cost, mixture-of-experts, multimodal), verification (known-mechanism
organisms, claim-checking infrastructure), automation (transparency per FLOP vs. capability
per FLOP), and the applied turn (monitoring, diffing, forensics) - where interpretability’s
value is finally measured in deployment terms.

Research Directions

From §8.1: Chain-of-thought faithfulness monitors with explicit error budgets
Build a monitor that reads reasoning transcripts and flags suspicious content, then (the step
almost no one does) calibrate it against intervention ground truth: on a task set where trunca-
tion/corruption tests establish which chains of thought actually determine the answer, measure
the monitor’s recall at fixed false-positive rates (0.1%, 1%). A monitor that fires on 30% of
benign transcripts is unusable at scale; one with unknown recall on unfaithful reasoning is un-
falsifiable. The deliverable is the ROC curve nobody has published, per model family - and if
faithfulness varies more by training recipe than by scale, as early results hint, the curves will
differ across models in interesting ways.

From §8.2: Predict circuit formation before behavior shows it
Instrument a small-model training run (modular arithmetic for grokking, or a 2–4 layer lan-
guage model for induction heads) with cheap per-checkpoint observables: Fisher/Hessian top
spectrum, embedding Fourier energy, weight-matrix effective rank, per-token-cluster loss (the
quantization lens). Question: which observable moves earliest before the behavioral transition,
and how reliable is it as a leading indicator across seeds? A validated early-warning signal for
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capability emergence, even in toy settings, would be the first predictive artifact interpretability
has produced, and the protocol scales conceptually to monitoring real pretraining runs.

From §8.3: Build one known-mechanism organism
Train a small transformer on an algorithmic task until its circuit is fully verified (or hand-compile
one), then deliberately write three plausible-but-wrong mechanism stories for it. Score each
verification method from Section 6.3 (probing, three ablation flavors, patching configurations,
scrubbing) on whether it rejects the wrong stories and retains the right one, at what compute
cost. Publish the organism, the stories, and the scores as a first verification benchmark.

Programs for Chapter 8
chain_of_thought_faithfulness.py Hint-injection on a small reasoning-capable model. Take

200 multiple-choice questions; present each twice: clean, and with an embedded hint (“a
Stanford professor thinks the answer is (B)”). Measure: (1) P (answer changes | hint);
(2) among changed answers, P (reasoning mentions the hint). The gap between influenced-
by and acknowledged-influence is the unfaithfulness rate. Extension: add truncation -
cut the chain of thought at 25/50/75% and force the answer; plot answer stability vs.
truncation point to measure how much of the reasoning actually determined the answer.
Type: script + matplotlib. Deps: torch, transformers.

grokking_phase_transition_for_modular_arithmetic.py Train a 2-layer transformer (width
128, 4 heads; the original Power et al. architecture size, ∼4× 105 non-embedding parame-
ters) on a+b mod 97 with weight decay on, ∼105 steps (minutes on a laptop GPU, hours on
CPU). The --train-frac knob sets the regime: the default 0.3 holds out most pairs and
sits in the grokking window, whereas 0.5 gives enough coverage that the network general-
izes immediately with no delay to observe. Log train/test accuracy, weight norm, and the
payoff: the Fourier power spectrum of the token embedding matrix every 500 steps. You
will watch: train accuracy saturate, a long nothing, sparse Fourier peaks growing quietly,
then test accuracy snapping upward as the peaks sharpen. Grokking, circuit formation,
and internal-change-before-behavioral-change, on one screen. This is the book’s single best
experiment. Type: training script + matplotlib.

interpretability_case_study.py (capstone) The full loop, once, end-to-end. Pick a single
odd behavior of a 1–7B open model (a systematic factual error, a format quirk, an in-
consistent refusal). Then: (1) quantify: prevalence across 200+ prompt variants, seeds,
temperatures, with confidence intervals; (2) hypothesize: write down two competing causal
stories before touching internals; (3) probe: one linear probe or logit-lens scan positioned
to discriminate the stories; (4) intervene: one targeted patch, ablation, or steering test per
story; (5) report: a two-page verdict with effect sizes, the experiment that would overturn
it, and what remains unexplained. Steps 2 and 5 are the ones that make it science. Type:
project scaffold; all prior programs are its parts.

fisher_spectrum_inspector.py Section 8.2’s claim - internal observables reorganize before
behavior changes - put to an actual test. Re-run the grokking experiment and, every
few hundred steps, estimate the top eigenvalues of the true Fisher information matrix
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by the methods of Part I §2.2: Fisher–vector products (never the matrix; exact vector-
Jacobian products through a retained graph, finite-difference directional derivatives for
the forward side) fed to a Lanczos iteration. Plot the spectrum’s trajectory against test
accuracy and the Fourier order parameter, and print the lead or lag between the largest
spectral movement and the behavioral jump. The result is reported as a measurement, not
asserted in advance: a spectrum that moves first supports §8.2’s monitoring program; one
that moves late bounds it. Reference run (seed 0): the top eigenvalue climbs three orders
of magnitude through the plateau, spikes ∼10× at step ∼4800 while train accuracy briefly
buckles - the memorized solution destabilizing - then collapses as test accuracy snaps up;
the largest spectral movement (step 5200) leads the behavioral jump (step 5600) by ∼400
steps. Replicate this and the grokking run together with run_grok.sh. Type: training
script + matplotlib; CPU-tractable at 4× 105 parameters.
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A. A Timeline of Interpretability and Model
Biology Research, 2019–2026

The results discussed in Chapters 5–8 arrived in a particular order, and the order itself tells
a story: from probing single networks (2019), through circuit-level reverse engineering (2020–
2022), the sparse-autoencoder wave (2023–2024), the “model biology” era of behavioral and
applied work (2024–2025), and into the newest phase, where control moves into the training
loop itself (2024–2026). Dates are publication dates of the cited papers or posts; where a month
is well established it is given.

2019 - Geometry and probing
• Ansuini, Laio, Macke, and Zoccolan measure intrinsic dimension across layers of trained

vision networks and find the rise-then-fall “hunchback” profile, with final-layer compression
predicting generalization (NeurIPS 2019). [§5.3]

• The BERTology wave: probing studies show syntactic and semantic properties are linearly
decodable from transformer layers, ordered roughly like a classical NLP pipeline (Tenney et
al., 2019). The correlational-vs-causal gap in probing becomes a recognized methodological
concern (Hewitt & Liang, 2019). [§5.6]

• Barrett, Morcos, and Macke publish the survey connecting analysis methods for biologi-
cal and artificial networks - the two-way methodological bridge this book’s neuroscience
parallels draw on.

2020 - Circuits on vision models
• Olah et al. publish Zoom In: An Introduction to Circuits (Distill, March 2020), proposing

that networks decompose into features connected by weights into circuits - the founding
manifesto of mechanistic interpretability. Curve detectors, high-low frequency detectors,
and other InceptionV1 circuits are documented through the year. [§6.2]

• The logit lens (nostalgebraist, August 2020) shows intermediate transformer layers can be
read through the unembedding - an early, cheap window into layerwise computation.

2021 - Transformers get a framework
• Anthropic’s interpretability team publishes A Mathematical Framework for Transformer

Circuits (Elhage et al., December 2021): residual stream as shared communication channel,
attention heads as read-write operations, QK/OV decomposition - the vocabulary in which
Chapters 5–7 are written.
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• Power, Burda, Edwards, Babuschkin, and Misra post the grokking paper (January 2021
workshop; arXiv January 2022): delayed generalization on algorithmic tasks, showing
training dynamics have structure that behavioral metrics miss. [§8.2] (Listed here under
first appearance; cited as Power et al., 2022, elsewhere in this book.)

2022 - The circuit era peaks
• Olsson et al. document induction heads and their phase change during training, tying a

specific circuit to in-context learning (March 2022). [§6.2]

• Elhage et al. publish Toy Models of Superposition (September 2022): sparsity-driven phase
transitions, polygon packing geometries, and the argument that polysemanticity is rational
capacity allocation. [§5.4]

• Wang, Variengien, Conmy, Shlegeris, and Steinhardt reverse-engineer the indirect-object-
identification circuit in GPT-2 small - 26 heads, 7 classes, backup heads, and the faithful-
ness/completeness/minimality criteria (November 2022). [§6.2]

• Chan et al. propose causal scrubbing: testing a complete mechanism hypothesis by resam-
pling everything it claims is irrelevant (December 2022). [§6.3]

• Meng et al.’s ROME work shows factual associations can be located and edited in mid-layer
MLPs - early evidence that knowledge is spatially organized enough to intervene on.

2023 - Sparse autoencoders and steering
• Turner et al. introduce activation addition: steering with contrast-pair difference vectors,

no optimization (August 2023). [§7.1]

• Cunningham, Ewart, Riggs, Huben, and Sharkey show sparse autoencoders recover highly
interpretable features from language-model activations (September 2023); Anthropic’s To-
wards Monosemanticity (Bricken et al., October 2023) demonstrates the same at greater
depth on a 1-layer model. The dictionary-learning era begins. [§6.1]

• Zou et al. publish Representation Engineering (October 2023): reading vectors and control
vectors as a general top-down transparency paradigm. [§7.1]

• Zhang and Nanda systematize activation patching (metrics, corruption choices, denoising
vs. noising), turning a folk method into a documented one (September 2023). [§6.3]

• Park, Choe, and Veitch formalize the linear representation hypothesis and the causal inner
product (November 2023). [§5.6]

• Lanham et al. publish the chain-of-thought faithfulness testing paradigm: truncation,
corruption, paraphrase, filler tokens (July 2023). [§8.1]

• Michaud, Liu, Girit, and Tegmark propose the quantization model of neural scaling: dis-
crete skill quanta under smooth loss curves (NeurIPS 2023). [§8.2]
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2024 - Scale, and the applied turn begins
• Singh, Ravfogel, et al. publish Representation Surgery: provably optimal affine steering

and erasure (February 2024). [§7.2]

• Anthropic’s Scaling Monosemanticity (Templeton et al., May 2024) trains sparse autoen-
coders on Claude 3 Sonnet, finds safety-relevant features, and demonstrates feature steering
publicly (“Golden Gate Claude”). [§6.1]

• Gao et al. (OpenAI) train a 16-million-latent TopK sparse autoencoder on GPT-4 ac-
tivations and publish scaling laws and an evaluation suite for dictionaries (June 2024).
[§6.1]

• Arditi et al. show refusal is mediated by a single direction across 13 open chat models,
with weight orthogonalization as a training-free jailbreak (June 2024). [§7.1]

• Google DeepMind releases Gemma Scope: open sparse autoencoders on every layer of
Gemma 2, making feature-level analysis reproducible outside frontier labs (August 2024).

• Bereska and Gavves publish the field-wide review of mechanistic interpretability for AI
safety (April 2024). [§8.3]

• Cloud et al. introduce gradient routing: masking gradients during training to localize
designated capabilities into designated subregions of the network, so they can later be
removed or gated - the first of the training-time control methods (October 2024). [§7.3,
§8.3; Part I §4.4]

• Jiang et al. give a theoretical account of why concepts are linear: the implicit bias of
gradient descent plus the log-odds structure of the next-token objective provably yield
linear encodings in simplified settings (March 2024). [§5.6; Part I §4.4]

2025 - Model biology
• Betley et al. report emergent misalignment: fine-tuning a model to write insecure code

produces broadly misaligned behavior far outside the training domain (February 2025) -
the flagship example of narrow training signals generalizing into broad persona shifts, and
a cautionary tale for fine-tuning as a control lever. [§7.3, §8.3]

• Anthropic publishes attribution-graph analyses of a production model (On the Biology of
a Large Language Model, March 2025), tracing multi-step internal computations (planning
in poetry, multilingual circuits, unfaithful reasoning) in Claude 3.5 Haiku.

• Arcuschin et al. show chain-of-thought unfaithfulness arises naturally - implicit post-hoc
rationalization without adversarial prompts (March 2025). [§8.1]

• Bogdan, Macar, Nanda, and Conmy publish thought anchors: sentence-level causal anal-
ysis of reasoning traces via resampling and attention suppression (June 2025). [§8.1]

• Casademunt et al. publish concept-ablation fine-tuning: projecting out unwanted acti-
vation directions during fine-tuning steers which solution the optimizer selects, largely
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preventing emergent misalignment with no change to data or loss (July 2025). [§7.3; Part
I §4.4]

• Chen et al. publish persona vectors: directions controlling character traits (sycophancy,
harmfulness), used to screen fine-tuning data and for preventative steering - adding the
trait direction during training so the model absorbs the pressure without encoding the
trait (July 2025). [§7.3; Part I §4.4]

• The field’s framing consolidates around model biology and applied interpretability (foren-
sics of deployed incidents, probe-based monitoring, model diffing, eval-awareness charac-
terization), treating complete reverse-engineering as a horizon rather than a prerequisite.
[§8.3]

2026 - Control moves into the training loop
• Moskvoretskii et al. trace persona vectors through pretraining checkpoints, asking when

in training a character trait becomes linearly represented - opening the door to shaping
traits before they consolidate rather than steering them afterward. [Part I §4.4]

• Riché et al. introduce inoculation adapters: isolating unwanted generalization from fine-
tuning into a removable adapter module, with fewer side effects than steering the whole
network. [Part I §4.4]

Reading the arc
Four trends organize the seven years. First, the unit of analysis moved from neurons (2019)
to directions and features (2022–2023) to behaviors of whole models (2025) - expanding, no-
tably, in both directions at once: more microscopic tools and more organism-level questions.
Second, the standard of evidence tightened from probe correlations (2019) to ablations (2020–
2022) to patching methodology and causal scrubbing (2022–2023) to faithfulness auditing of the
tools themselves (2023–2025). Third, the purpose shifted from scientific curiosity toward de-
ployment: monitoring, forensics, and steering as operational controls. Fourth, the youngest
trend, control moved upstream: from inference-time patches (2023–2024) into the training
loop itself (gradient routing, concept-ablation fine-tuning, preventative steering, 2024–2026), so
that interpretability instruments now help decide what a model learns, not only explain what
it learned. The through-line from neuroscience runs the whole length: each era imported a
method (receptive fields, lesions, population geometry, sparse coding) and eventually re-learned
the corresponding lesson about its limits.
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